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Vertical axis mixers, such as high shear granulators and agitated filter dryers (AFDs), are 
commonly used in the processing of particulate materials. For example, AFDs are 
regularly used in the pharmaceutical industry to dry the wet active pharmaceutical 
ingredient (API) particles. During the drying process, an impeller blade agitates the bed 
to increase the drying rate and enhance drying uniformity. Unfortunately, the needle-
shaped API particles tend to flow poorly, are frequently damaged, and can sometimes 
form undesirable agglomerates, causing manufacturing inefficiencies, flow stoppages, 
and unpredictable product quality. Therefore, it is important to gain an improved 
understanding of the system’s particle behavior to aid in the design and optimization of 
unit operations. Previous work in vertical axis mixers, especially prior computational 
work, has assumed spherical particles. This thesis focuses on modeling and analysis of 
dynamics and stresses of elongated particles processed in vertical axis mixers. Elongated 
particles are of particular interest in the operation of pharmaceutical AFDs since the 
particles processed in such devices are often needle-shaped. 
xvii 
 
A discrete element method (DEM) model is used to examine the velocity, solid fraction, 
and particle orientation fields of non-cohesive, sphero-cylindrical particles agitated in a 
vertical axis mixer for a range of particle aspect ratios and bed depths.  The model is 
validated against experimental measurements of the rotating shaft torque and bed surface 
velocity field. The particle trajectories within the bed are similar to those that have been 
reported previously for spheres, with a vortex circulating in the direction opposite of the 
blade rotation on horizontal planes of the bed.  Increasing the particle aspect ratio 
generally decreases the particle velocities relative to the blade, implying reduced mixing. 
The solid fraction is largest just upstream of the blades and toward the base of the 
container.  The former finding is different than what has been observed for spheres, but 
the latter is consistent with prior observations.  The smallest solid fractions are located in 
the wake region and at the bed’s free surface, which is similar to the patterns for spheres.  
In general, larger particle aspect ratios decrease the overall bed solid fraction as well as 
the solid fraction uniformity.  Particles with an aspect ratio larger than one have major 
axes that are offset between 10 – 20 degrees from the flow streamlines.  The degree of 
alignment between particles increases near boundary regions. In addition to the strong 
correlation between the particle principal orientation and velocity vectors, regions of 
larger velocity gradient magnitude result in smaller solid fractions and smaller degrees of 
three-dimensional alignment between particles. 
 
In addition, the DEM model is used to predict the internal load and moment distribution 
within sphero-cylindrical particles in a low-speed, vertical axis mixer.  The internal loads 
and moments are combined with small deformation beam bending theory to determine 
xviii 
 
the internal stress distributions.  Parametric studies using the model examined the 
influence of particle aspect ratio, blade rotational speed, and material properties. The 
spatial distributions of loads and moments, averaged over all particles and time steps, are 
symmetric about the particle center-plane with a maximum at the particle center-plane. In 
addition, the largest average maximum principal stress or Mises stress is observed to 
occur along the particle circumference at the center-plane of the particle. These results 
indicate that particle failure is not only most likely to occur at the center-plane of the 
particle, but the failure will occur at the particle’s circumference. The largest average 
values of loads and moments increase with particle aspect ratio. The largest average 
maximum principal stress and Mises stress both increase with increasing particle aspect 
ratio. The trend of largest average maximum principal stress or Mises stress appears to 
have a positive curvature, which follows the trend of largest average bending moment 
most closely. The frequency distributions of maximum principal stress at high stress 
range can be fit to a Weibull distribution. Increasing blade speed, bed height and particle-
particle friction coefficient generally leads to an increase in internal loads, moments and 










CHAPTER 1. INTRODUCTION 
Vertical axis mixers are commonly used in the processing of particulate materials.  For 
example, high shear wet granulation is frequently performed in a vertical axis mixer 
geometry as is agitated filter drying of active pharmaceutical ingredients (APIs), albeit at 
different blade impeller speeds.  These mixers typically consist of a roughly cylindrically 
shaped bowl, at the center of which is a vertical shaft with attached mixer blades.  The 
rotating blades induce particle movement and, ideally, result in satisfactory mixing of the 
particle bed as well as other processing. In a high shear wet granulation process, for 
example, particle agglomeration is desired, although large granules, or lumps, are 
undesirable, while in an agitated filter dryer (AFD) the mixer blades should not only mix 
the bed, but also break up agglomerates while avoiding damage to individual particles. 
However, many processing problems exist due to a lack of understanding such systems.  
 
For instances, in the manufacture of solid dosage form pharmaceutical products such as 
tablets and capsules, powders comprised of high aspect ratio, rod-like particles are often 
handled. Especially, API powders, which are frequently needle-shaped, are subject to 
agitation in the AFD. Unfortunately during AFD processing, the needle-shaped APIs 
stirred by a rotating blade generally flow poorly, are easily damaged and can sometimes 




particular the particle size distribution and crystal habit. These factors can, in turn, 
influence the flowability, bulk density, segregation behavior, and dissolution 
characteristics of APIs, leading to subsequent manufacturing problems. Therefore, it is 
important to gain an improved understanding of particle behavior in the system to aid in 
the design and optimization of unit operations. 
 
The ubiquity of vertical axis mixers in industry has resulted in considerable research on 
how particles move in such a system.  Numerous experimental and computational studies 
have been performed to investigate the influence of impeller speed, fill level, mixer size, 
blade angle, particle size distribution, and inter-particle friction and cohesion, many of 
which are discussed in Chapter 2.  These studies have provided excellent insight into how 
particles generally move in such systems; however, one important parameter that has yet 
to be taken into account is the particle shape.  Previous work, especially prior 
computational work, has assumed spherical particles in order to simplify the model.  
However, in reality, the particles processed are typically non-spherical, e.g. rod-like. For 
example, API particles processed in pharmaceutical AFDs are typically rod-like, which 
can potentially behave very differently from spherical particles. So the particle shape is 
an important factor that should be taken into consideration when studying particle 
kinematics in such systems.  
 
In addition, the work on particle attrition, especially quantitatively predictive work, is 
limited. Previous experimental work has generally involved the reporting of trends or 




although many particles, such as the API materials typically processed in AFDs, are rod-
like in shape.  In addition, there have only been a handful of studies that have 
investigated the loading state within individual particles.  Having such information would 
be particularly useful when investigating particle breakage. 
 
The focus of this thesis work is to predict the flow and stresses of rod-like particles in 
vertical axis mixers. A discrete element method (DEM) model is developed to model the 
dynamics of non-cohesive, rod-like particles in vertical axis bladed mixer geometry. The 
model is validated against experimental measurements. Parametric studies are performed 
to investigate the velocity, solid fraction, particle orientation fields, particle internal loads 
and stresses as functions of particle aspect ratio, material properties and operating 
conditions.  The implications that these results have on the practical operation of an AFD 
are discussed and suggestions for future study are presented. Although this work focuses 
on AFD application, the model and simulation results can reasonably be applied to other 




CHAPTER 2. BACKGROUND 
There have been numerous studies, both experimental and computational, concerning 
particle movement and mixing in vertical-axis, low-shear and high-shear, bladed mixers.  
These studies have demonstrated that particle movement depends upon a number of 
factors including blade speed, fill depth, particle cohesiveness, and inter-particle friction.  
Note that these previous studies have focused on the movement of spherical particles.  
Only the steady, periodic state of the powder bed is reported in this document since the 
bed reaches this state after only a few impeller revolutions (Chandratilleke et al., 2009; 
Conway et al., 2005; Stewart et al., 2001a).  Furthermore, the influence of segregation 
will not be reviewed since the current work focuses on identical particle behavior. 
 
2.1 Flow Patterns 
Three general types of flow patterns have been observed in vertical axis, bladed mixers: 
heaping, bumping, and roping.  Which behavior appears is a function of a number of 
parameters, but blade speed is one of the most significant, with heaping appearing at 
slower speeds, as would be found in an AFD, for example, and bumping and roping at 
faster speeds, which is more typical of high shear wet granulators.  Since the present 




The heaping regime is characterized by a bed with heaps occurring near the blades and 
valleys located between the blades (refer to Figure 2.1a).  Particle movement in the bed is 
complex with particles avalanching down the surface of the heaps and forming re-
circulating regions within the bed (Zhou et al., 2004; Stewart et al., 2001a; Stewart et al., 
2001b; Conway et al., 2005).  Near the base of the mixer, particles move tangentially 
with the blades, with the largest speeds occurring immediately upstream of the blades.  In 
the middle portion of the bed, particles generally follow the tangential movement 
observed in the deeper layers.  Particles just upstream of the blade also move radially 
inward and upward.  The tangential speed decreases with increasing distance from the 
blade.  Approximately one-third to one-half of the circumferential distance to the 
upstream blade, particles move in an outward and downward direction.  The result is a 
weak vortex in the horizontal plane with a circulation oriented in the direction opposite to 
the blade rotation.  In addition to this horizontal recirculation component, there is a 
stronger vortex in the vertical plane with particles moving up at the blades and down the 
free surface of the heap.  In the region immediately downstream of a blade, particles 
move radially outward and downward to fill the trailing wake (Conway et al., 2005; 
Lekhal et al., 2006).  The free surface layers avalanche down the surface, but also have an 
inward velocity component since the heaps are tallest near the perimeter of the cylinder 
(Conway et al., 2005; Lekhal et al., 2006), although Stewart et al. (2001b) report that 
particles avalanche radially outward on the free surface.  Particles can remain in this 
vortex for a considerable time period.  Stewart et al. (2001a) report particles trapped in 
the vortex in their experiments for up to 60 blade passes.  Particles in the region between 




particle velocities within the bed appear to be normally distributed (Stewart et al., 2001b) 
while the surface speeds scale linearly with the impeller speed, except for the wake 
region immediately downstream of the blade where gravity governs the particle speed 
(Stewart et al., 2001a). 
 
          
(a)    (b) 
 
Figure 2.1. (a) A photograph of a bed exhibiting the heaping behavior.  (b) A snapshot 
from a DEM simulation with particles having an aspect ratio of AR = 3.  The initial 
dimensionless bed depth is H/HB = 1.0. 
 
2.2 Influence of Bed Depth 
The depth of the particle bed also has a significant impact on particle motion.  Stewart et 
al. (2001a) used positron emission particle tracking (PEPT) to investigate bed motion 
over a range of bed depths (H/d = 7.3 – 36, where H is the level bed depth and d is the 
particle diameter) and relatively slow impeller speeds (10 – 160 rpm, corresponding to 
Froude numbers between 0.014 – 3.56, where the Froude number is defined as Rω2/g, 
where R is the radius of the blade, ω is the blade rotational speed, and g is the 
acceleration due to gravity).  The height and width of this heap as well as the re-
circulation strength, especially in the radial direction, diminishes as the bed depth 




impeller blades while for deeper beds a greater percentage of the bed moves more slowly 
than the blades.  Stewart et al. (2001a) also report that increasing bed depth results in a 
broader axial velocity component distribution, but narrower radial and circumferential 
velocity distributions. 
 
2.3 Influence of Blade Angle 
Several studies have examined the influence of the angle of the flat blades used in many 
mixers.  From DEM simulations, Chandratilleke et al. (2009) found that for a bed in the 
heaping regime, re-circulation strength, mixing rate, heap height, and the degree of bed 
deformation are largest for a blade angle that is perpendicular to the mixer base (i.e., 90° 
from the upstream horizontal).  The 90° blade also results in a narrower particle speed 
distribution with a larger mean particle speed in comparison with other blade angles.  
Acute blade angles, such as a 45° blade, result in a stagnation zone immediately upstream 
and beneath the blade (Chandratilleke et al., 2009; Conway et al., 2005).  Because of the 
stagnation zone, the blade acts effectively as a 90° blade, but with a smaller blade height, 
at least as far as particle movement and mixing are concerned.  Conway et al. (2005) 
report that a 45° blade angle produces larger radial velocities and smaller velocity 
fluctuations near the vessel wall as compared to a 135° blade angle. 
 
Chandratilleke et al. (2009) report that top-to-bottom mixing performance remains nearly 
the same for blade angles ranging from 60° to 120°.  Angles smaller than 60° or larger 
than 120° result in a significant drop in mixing performance.  Conway et al. (2005) found 




blend of particles.  In particular, the location of the mixing interface varies depending on 
blade angle. 
 
2.4 Influence of Particle Size  
There has been little work to systematically study the influence of particle size on flow 
patterns in vertical axis mixers.  Bridgwater et al. (1968/69) examined the displacement 
of glass spheres over a flat blade oriented normal to the upstream flow in their 
experimental studies.  The upstream velocity, blade width, blade immersion, and sphere 
size were varied.  They found that the mean horizontal (i.e., streamwise) displacement of 
the tracer spheres was independent of sphere diameter; however, the mean vertical 
displacement and the standard deviations in the horizontal and vertical displacements 
were functions of the particle size.  They conclude that convective mixing in blenders 
may be scaled without taking into account particle diameter scaling, but when scaling 
diffusive mixing, the particle size must also be scaled. 
 
Chandratilleke et al. (2009) report that the overall flow patterns were nearly the same in 
PEPT experiments in which two different particle sizes, 2 mm and 5 mm, were used.  
However, despite the overall similarities, small differences were observed.  The blade-to-
blade crossing times in the PEPT experiments were approximately 5% shorter for 2 mm 
particles when compared to 5 mm particles.  When comparing the DEM simulations 
using particles larger than the corresponding PEPT experiments, Chandratilleke et al. 
(2009) observed that the streamlines downstream of the blade curve downward to a larger 




Radeke et al. (2010) performed DEM simulations of an AFD geometry using a highly 
parallel graphical processing unit (GPU).  They investigated the influence of particle size 
(and number) on the flow patterns and degree of mixing in the system.  They used four 
different particle sizes (numbers): 3.0 mm (7,860), 2.1 mm (76,800), 0.98 mm (786,000), 
and 0.45 mm (7,680,000).  They found that the flow field remained qualitatively similar 
regardless of particle size (number), but that the velocity gradients were smoother as the 
particle size decreased.  They also report that the mixing time increases with decreasing 
particle size. 
 
Chandratilleke et al. (2009) anticipate that the blade torque will increase with decreasing 
particle size while keeping the overall volume fraction of material constant since a 
decrease in the particle size results in a reduction of individual particle weight and inertia, 
an increase in the total particle surface area, and a decrease in void fraction. Although 
they do not state it explicitly, the increase in total particle surface area presumably 
increases the dissipative interactions between particles and thus would contribute to the 
increase in torque.  Bharadwaj et al. (2010), however, observed in their DEM simulations 
that a threefold change in particle diameter had little to no influence on the blade torque 
in an FT4 rheometer geometry. 
 
2.5 Influence of Friction Coefficients 
The inter-particle sliding friction coefficient has been shown to have a significant 
influence on stirred bed dynamics.  Small values of the sliding friction coefficient, e.g., 




with essentially no heap formation (Stewart et al., 2001a; Zhou et al., 2004).  Increasing 
the sliding friction coefficient produces larger heaps and the formation of a corresponding 
internal bed vortex.  However, increasing the sliding friction coefficient beyond 0.3 does 
not significantly influence the bed behavior (Stewart et al., 2001a; Zhou et al., 2004).  It 
is interesting to note that Thornton (2000), Suiker and Fleck (2004), and Ketterhagen et al. 
(2009) all report that the effective bed internal friction angle is insensitive to the particle-
particle friction coefficient for particle-particle friction coefficients larger than 0.3 for 
spherical particles that can rotate.  When particles do not rotate, however, the bed internal 
friction angle increases with the particle-particle friction coefficient. 
 
Zhou et al. (2004) report that although the general structure of the porosity field in the 
bed is insensitive to the sliding friction coefficient, with larger porosities occurring in the 
vicinity of the blade, increasing the sliding friction coefficient results in increasing 
overall bed porosity due to the increased height of the heaps.  Larger sliding friction 
coefficients also result in increased mixing within the bed, larger forces acting on 
particles, and a larger blade torque. 
 
Rolling friction appears to have a much smaller effect on the bed than sliding friction 
(Stewart et al., 2001a; Zhou et al., 2004).  Nevertheless, Zhou et al. (2004) report that 
larger rolling friction coefficients act to produce larger tangential velocities, whereas 
larger sliding friction coefficients tend to reduce the tangential velocity.  Larger rolling 
friction coefficients also reduce the mixing rate, again in contrast to the increased mixing 




does result in increased blade torque, which is the same trend as with sliding friction.  
Bharadwaj et al. (2010) observed that increasing their rolling friction coefficient from 
zero to 0.005 resulted in little change in the torque on a mixing blade, but increasing the 
rolling friction coefficient to 0.05 did result in a significant torque increase.  
 
2.6 Mixing 
A number of researchers have investigated mixing in slowly vertical axis mixers 
containing spherical particles.  Stewart et al. (2001b) report that the largest dispersion, 
and thus the regions of greatest mixing, occurs around the edges of the recirculation 
regions, such as along the surface and edge of the avalanche regions. Remy et al. (2010) 
report that there is a three-dimensional recirculation zone in front of the blades that 
promotes vertical and radial mixing.  They also observed that the best mixing occurs 
when the bed depth is just larger than the blade height. 
 
Zhou et al. (2004) investigated mixing of identical particles initially loaded in three 
different configurations:  top/bottom, front/rear, and left/right.  They found that the 
top/bottom arrangement mixes the most rapidly while the front/rear configuration was the 
slowest to mix.  Regardless of the initial configuration, all of the beds eventually 
approached a well-mixed state.  Increasing the sliding friction coefficient can 
significantly increase the rate of mixing.  Decreasing the rolling friction coefficient can 





2.7 Rod-like Particles 
Few previous DEM studies have incorporated rod-like particles.  Due to the additional 
computational time required for contact detection, most researchers perform DEM 
simulations using spheres rather than more realistic particle shapes.  Those simulations 
that do incorporate more complex shapes generally rely on the use of glued sphere 
approximations, which provide the simplicity of sphere-sphere contact detection and the 
flexibility of generating a wide variety of particle shapes, but at the cost of artificially 
rough particle surfaces (Kodam et al., 2009; Gallas and Sokolowski, 1993; Nolan and 
Kavanagh, 1995; Abou-Chakra et al., 2004; Price et al., 2007), smaller coefficients of 
restitution (Kodam et al., 2009), and the increased computational overhead of tracking a 
larger number of component spheres. 
 
The only study in the previous sections that utilized rod-like particles was Bharadwaj et 
al. (2010).  They formed rod-like particles with aspect ratios, defined as the length of the 
particle divided by the cross-sectional diameter, ranging from 1.1 to 2.0 using a glued-
sphere approach in their DEM studies of particle movement in a powder rheometer.  
Although they found that the torque required to rotate the rheometer mixing blade 
increased when non-spherical particles were used, they found no clear trend with aspect 
ratio over their chosen range of aspect ratios. They did not investigate the effect of 
particle roughness caused by the use of glued spheres, but they did report that increasing 
the inter-particle friction increases the impeller torque. 
 




rod-like particles, such as packing and shear. Williams and Philipse (2003), Abreu et al. 
(2003), Meng et al. (2012), and Zhao et al. (2012) used numerical simulations and 
experiments to examine the influence of aspect ratio on packing of sphero-cylinders in 
unit cells or columns.  They all reported that for mono-disperse systems with periodic 
boundaries, beds comprised of particles with an aspect ratio approximately equal to 1.5 
had the smallest porosities. Zou and Yu (1996), although investigating a wider range of 
particle sizes, observed a similar trend whereby the smallest porosity for a dense random 
packing of non-spherical particles occurs at an intermediate value of particle sphericity.   
 
Guo et al. (2012, 2013) performed DEM simulations of simple shear flows using rod-like 
particles to investigate particle alignment and bulk stresses.  They utilized both true 
cylindrical particles as well as glued-sphere particles in order to investigate the influence 
of particle surface roughness, among other factors.  For dilute flows, the flow stresses 
were largely dependent on the particle aspect ratio rather than the surface roughness, with 
larger aspect ratio particles generating smaller stresses. In dense granular flows, however, 
the stresses depended on the particle aspect ratio, particle friction, and surface roughness, 
with large aspect ratio, frictional, and rough particles producing the largest stresses.  
Indeed, glued sphere particles in which the spacing between component spheres was one 
diameter produced flow stresses more than an order of magnitude larger than simulations 
using smooth particles.  These findings emphasize the significance of both the aspect 
ratio and surface roughness on flow behavior and stresses. Cleary (2008) found a similar 





Grof et al. (2007, 2011) developed a combined DEM and experimental methodology for 
population balance (PB) modeling of rigid, rod-like particle breakage under uniaxial 
compression. They used a glued-spheres approach, similar to Bharadwaj et al. (2010), but 
their particles could break when the force between neighboring glued spheres exceeded a 
critical value.  They used this model to predict the form of the PB breakage kernel and 
the daughter distribution functions. The distribution function parameters were fit using 
either experimental or DEM data.  Of particular interest for the present work is the 
observation that particle breakage, on average, occurred in the middle of the rod-like 
particles, regardless of aspect ratio.  The authors did not investigate the influence of 
particle roughness. 
 
Campbell’s (2011) DEM simulations of ellipsoidal particles examined the transition 
between elastic and inertial flow behavior in shear flows.  He observed that at a given 
concentration, spheres generate larger stresses than ellipsoidal particles due to the fact 
that the ellipsoids align with the flow and produce less interference with the shearing 
layers.  However, as particle friction increases, the ellipsoidal particles rotate and produce 
greater interference resulting in significantly larger stresses at smaller concentrations.  
 
2.8 Particle Attrition in Vertical Axis Mixers 
Particle attrition in vertical axis mixers has been studied using both experimental and 






Lekhal et al. (2003, 2004) examined the change in mean particle size within an AFD for 
two types of material:  cubic crystals of KCl and needle-shaped crystals of L-threonine. 
They found that for both materials, attrition only became significant when the moisture 
content in the materials was below a threshold value, i.e., when the material was nearly 
dry. They also observed that for KCl, the size decrease was not sensitive to agitator speed, 
but the size decrease for the L-threonine was. For both materials, size decreased with the 
number of agitator revolutions and approached a constant value after a large time, most 
likely because the crystals either became sufficiently rounded, in the case of cubical KCl, 
or the L-threonine needles broke to a small enough aspect ratio that the loads were no 
longer sufficient to continue breakage.  
Lamberto et al. (2011) developed an attrition cell for assessing API sensitivity to 
mechanical stress in an AFD.  Attrition cells are similar in design to a scaled-down AFD. 
A small amount of material is characterized, placed in a cylinder with a load applied to 
the lid, and agitated by a rotating blade. After a specified amount of time, the material is 
characterized again and an attrition measure is calculated. Lamberto et al. utilized the 
variance in mean particle size to characterize the attrition of materials and ranked the 
materials with a breakage classification (hard, medium, or easy to break), which was used 
as a guide for how to process at larger scale.  
 
am Ende et al. (2012) performed similar experimental work. They utilized an FT4 
powder rheometer to assess materials.  Compared with Lamberto et al. (2011), this group 
not only ranked materials according to attrition potential, but also investigated the 




agitation time, sample volume, and applied normal force. They reported that increasing 
blade speed, agitation time, or normal force led to more attrition, with normal force being 
the most significant factor.  Increasing the sample volume caused less attrition.  The 
attrition cell data showed reasonable agreement with data from a pilot plant AFD.  
 
Hare et al. (2011) described a combined DEM-experimental approach to predicting the 
extent of paracetamol particle breakage due to impeller agitation.  Spherical particle 
DEM simulations of a small-scale, agitated dryer were performed to determine the 
normal stresses and shear strains in various parts of the particle bed.  The data were 
combined with the attrition correlation of Neil and Bridgwater (1994) to predict total 
attrition within the dryer, with the correlation parameters fit from annular shear cell 
experiments.  The predictions showed reasonable agreement with a corresponding 
agitated dryer experiment. In addition, Hare et al. reported that in both of the simulations 
and experiments, the total bed attrition was independent of impeller speed for a given 
number of impeller revolutions. This result is consistent with the findings of Ende et al. 
(2010) and Lekhal et al. (2003, 2004). Moreover, the simulation demonstrated that more 
than 50% of the attrition occurred in the bottom third of the bed, toward larger radial 
distances, and in the vicinity of the mixer blade.  
 
More fundamental studies on multi-particle attrition frequently rely on the use of shear 
cells rather than vertical axis mixers.  In most instances, these studies utilize spherical or 
angular particles as opposed to rod-like particles.  In general, these studies measure bulk 




material or operating parameters (e.g., Gwyn, 1969; Neil and Bridgwater, 1994; Potapov 
and Campbell, 1997; Paramanathan and Bridgwater, 1983; Bridgwater, 2003; Ning and 
Ghadiri, 2006).   
 
In addition to these bulk level studies, there have been investigations focused on particle 
attrition and breakage at the particle level using computational methods.  Of particular 
interest in these studies is that the simulated particles can be damaged directly in the 
simulations.  For example, Potapov and Campbell (1997) performed 2D DEM shear cell 
simulations using initially square particles that were comprised of a collection of bonded 
Delauney triangles. When the load on a bond exceeded a critical value, the bond was 
broken and thus the particle could attrit over time. Thornton et al. (1999) and others 
(Mishra, 2001; Kafui, 2000) examined particle, or more aptly, agglomerate, breakage due 
to crushing and impact using a similar technique.  His DEM agglomerates were roughly 
spherical in shape, with the bonded elements consisting of smaller spheres.  As with 
Potapov and Campbell, when the bond load exceeded a critical value, the bond would 
break.  The approach of using “glued spheres” with breakable bonds is now a common 
method in DEM for studying attrition and breakage problems (see, for example, Liu, 
2010; Antonyuk, 2011; Nguyen, 2014). 
 
2.9 Summary 
Though there has been considerable prior work investigating particle kinematics in 
vertical axis mixers, this prior work has focused primarily on spherical particles.  Prior 




particles can behave quite differently than spherical particles.  Since many applications 
involve needle-shaped particles, for example, many of the APIs processed in AFDs, the 
study of rod-like particle kinematics in a vertical axis mixer should also be considered.  
 
In addition, there have been no prior studies investigating rod-like particle breakage at the 
particle level in vertical axis mixers using smooth particles.  Prior studies utilizing rod-
like particles have either examined breakage from a bulk level, e.g., examining trends or 
developing empirical correlations, have focused on particle kinematics and dynamics 
rather than breakage, or have made use of glued-sphere DEM models, which have been 
shown to produce large stresses when compared to smooth particles. 
 
This thesis describes the model, validation effort, and results from studies investigating 
the flow patterns, solid fraction, velocity, and particle orientation fields as well as the 
internal loads, moments, and stresses of  rigid, rod-like particles agitated in a slowly 










CHAPTER 3. THESIS GOALS AND OBJECTIVES  
The goal of this thesis work is to predict the kinematics and stresses for rod-like particles 
in a vertical axis blade mixer. Ultimately, this understanding will be used to help design 
more efficient drying procedures and AFD equipment.  Although this work focuses on 
AFD application, the model and simulation results can reasonably be applied to other 
applications in which rod-like particles are processed in vertical axis mixer geometry.  
The specific objectives of the research are as follows: 
 
Objective 1: Model dynamics of non-cohesive, sphero-cylindrical particles. 
Develop a discrete element method (DEM) model to model the dynamics of large 
aspect ratio, non-cohesive particles in a vertical axis mixer.  
 
Objective 2: Validate the DEM models. Validate the DEM models against 
experimental measurements.  
 
Objective 3: Investigate particle kinematics within the bed. Use the DEM model 
to perform parametric studies investigating particle kinematics, including solid 
fraction field, velocity field, and orientation field as a function of particle aspect 




Objective 4: Propose and validate a novel approach to predict particle internal 
load and stresses. Propose a model for predicting particle internal force and 
moment distribution as well as maximum principal stress for each particle. 
Compare the predictions of particle internal load against predictions from a glued-
spheres DEM computational model.  
  
Objective 5: Investigate particle internal loads and moments within the bed. 
Perform parametric studies investigating particle internal load and moment 
distributions within the bed as a function of particle aspect ratio, processing 
conditions, and material properties. Intra-particle force and moment spatial 
distributions will also be examined in order to determine the likely location of 
particle breakage. 
 
Objective 6: Investigate particle stresses within the bed. Perform parametric 
studies investigating particle maximum principal stress distribution within the bed 





CHAPTER 4. COMPUTATIONAL MODEL 
A discrete element method (DEM) computer simulation is used to investigate the 
movement of rod-like particles in a vertical axis mixer.  This section describes the system 
and particle geometries, the contact detection algorithms and force models, and the 
algorithms used to predict the solid fraction, velocity, particle orientation fields, particle 
internal load and stresses. 
 
DEM is a computational method widely used to simulate granular flows. It is a 
Lagrangian approach in which individual particles in a system are followed in time and 
respond to the forces acting on them, such as gravity, friction, and other contact forces 
(Cundall and Strack, 1979). A “soft-particle” DEM model is used in this work, which is 
perhaps the most commonly used DEM model due to the flexibility it provides for 
incorporating a variety of forces as well as non-spherical particle shapes. The soft-
particle approach allows for the overlap between particles. The degree of overlap, 
computed by a specific contact detection algorithm, is directly related to the contact force 
between the overlapping particles. A simplified flowchart of a general DEM simulation is 






Figure 4.1. Outline of a general discrete element method (DEM) simulation 
 
At the beginning of DEM simulation, all the particles and boundaries are initialized 
within the workspace. The next step of the simulation is called contact detection 
including coarse contact detection and fine contact detection, which is aimed to 
determine whether or not a given particle is in contact with other particles or boundaries. 
Contact detection is typically the most time consuming step in DEM simulation. 
Neighboring cell is a commonly used coarse contact detection approach, which would 
divide the workspace into a grid of cells with the size equal to or larger than particle size. 




particle, contacts would only be checked between other particles in its own cell and 
neighboring cells, so the other particles contained in its own cell and neighboring cells 
would be pushed into the potential contact list for the given particle. The fine contact 
detection is conducted after the coarse contact detection in order to refine the potential 
contact list and determine the list of particles that are truly in contact with the given 
particle.  
 
After that, the magnitudes, directions and acting points of forces on each particle can be 
determined. The forces acting on particles include body forces, contact forces, cohesive 
forces and so on. Then Newton’s 2nd law is applied to determine particle accelerations. 
The particle accelerations are then integrated in time to obtain new particle states at the 
next time instance including translational velocities, rotational velocities, positions and so 
on. At this stage, measurement could be made to measure the quantities that are of 
interest, e.g. velocity field, solid fraction field and orientation field.  
 
The algorithm would then determine whether or not the simulation reaches the end of 
simulation time. If it does, then the simulation ends. If not, the simulation will go back to 
the contact detection step and then go through the same loop again and again until the 
simulation reaches the end of simulation time.  
 
4.1 System and Particle Descriptions 
The vertical axis mixer geometry, shown in Figure 4.2, consists of a cylindrical drum, a 




are perpendicular to the base of the cylindrical drum with no gap between the sidewall or 
container base.  The blades and central shaft rotate at a constant angular speed ω about 
the x-axis.  The modeled geometry represents the same geometry used in the validation 
experiments described in Chapter 5.  Table 4.1 lists the system dimensions. 
 
Figure 4.2. Vertical axis bladed mixer modeled in the DEM simulations and used in the 
validation experiments.  (a)  Schematic with dimensions and (b) photograph. 
 
Table 4.1.  The parameter values describing the DEM validation and experimental system 
configuration. 
Parameter Value 
outer cylinder diameter 196.85 mm 
outer cylinder height 304.8 mm 
central cylindrical shaft diameter 25.4 mm 
blade height 26.4 mm 
blade thickness 3 mm 
gap between blade and cylinder 0 mm (DEM),  < 1 mm (exp) 





The outer cylindrical drum is modeled as a collection of 32 narrow rectangular plates.  
Preliminary studies found that having more than 32 plates resulted in only minor 
differences in the bed dynamics.  Flat plates were used rather than a true cylindrical 
container in order to simplify contact detection and avoid having two points of contact 
between a particle and the concave cylinder surface.  However, a true cylinder was used 
for the central shaft since that convex surface could only result in a single point of contact 
with a particle.  The upper surface of the rotating blades was not flat in the simulations, 
but instead consisted of a semi-cylinder in order to simplify contact detection with that 
surface.  These geometrical approximations did not appear to greatly affect the system 
behavior as determined from the validation experiments described in Section 5. 
 
The particles modeled in the DEM simulations are rigid, sphero-cylinders, which are 
meant to mimic the needle-shaped API particles typically encountered in an AFD process.   
A sphero-cylindrical particle is comprised of two hemispherical end-caps attached to the 
ends of a cylinder.  The sphere and cylinder have equal radii (Figure 4.3).  The aspect 
ratio of the sphero-cylindrical particle, AR, is defined as, 
, (1) 
where L is the length of the particle from end-cap to end-cap and d is the diameter of the 
cylinder and spheres.  Using this definition, a sphere has an aspect ratio of AR = 1.  Four 






aspect ratios are chosen to be consistent with those used in the validation experiments 
described in Section 5. 
 
Figure 4.3. (a) Schematic of a sphero-cylindrical particle overlapping a spherical bin.  (b) 
The system shown in (a), but viewed along the particle’s axis n. 
 
Although the simulations assume sphero-cylindrical particles, the validation experiments 
use true cylindrical particles, i.e., the ends of the experimental particles are flat whereas 
the simulations have rounded ends.  Although there do exist contact detection algorithms 
for cylindrical particles (Kodam et al., 2010a, 2010b; Guo et al., 2012b), the computation 
time required to perform contact detection for cylindrical particles is much greater than 




cylinders.  The differences in the particle dynamics, especially for larger aspect ratio 
particles, are not expected to be significant between the two particle shapes.  Indeed, as 
described in Section 5, the sphero-cylindrical particle simulations and true cylinder 
experiments gave similar quantitative torque values and qualitatively similar flow 
behavior. 
 
4.2 Fine Contact Detection and Force Models 
There are two primary types of fine contact detection that must be considered in the 
present simulations involving sphero-cylindrical particles:  particle-flat plate (for the 
blades, base, and outer cylinder wall) and particle-particle.  Note that the upper blade 
surface and the central shaft were treated the same as the cylindrical portion of a particle.   
 
Particle cylinder-plate contact detection occurs when the cylinder axis is parallel to the 
plate and the distance between the cylinder’s axis and the plate is smaller than the 
cylinder’s radius.  Contact between a particle’s hemispherical end and a plate occurs 
when the distance from the center of the hemisphere and the plate is less than the 
hemisphere’s radius. 
 
Particle-particle contact detection is more complex since it includes the potential for 
hemisphere-hemisphere, cylinder-hemisphere, and cylinder-cylinder contact.  
Hemisphere-hemisphere contact detection is straightforward, with contact occurring 
when the distance separating the hemispheres is less than the sum of their radii.  




separating the cylinder axis and hemisphere is less than the sum of the cylinder and 
hemisphere radii.  Cylinder-cylinder contact detection is more complex since two cases 
need to be considered:  when the cylinder axes are aligned and when they are skewed.  
For parallel axes, contact occurs when the distance between the axes is less than the sum 
of the cylinder radii.  For the case of skewed cylinder axes, contact occurs when the 
shortest distance between the cylinder axes is less than sum of their radii.  The 
mathematical algorithm for this particular case is described in detail in Langston et al. 
(2004) and Kodam et al. (2010a). 
 
A damped Hertzian spring normal force model (Tsuji et al., 1992) and a sliding tangential 
force model (Renzo and Maio, 2004) are employed to compute the particle-particle and 
particle-plate interaction forces.  In addition, for simulations of spheres only, a rolling 
resistance torque is applied to the particles (Zhou et al., 1999).  The choice of parameter 
values used in the simulations is discussed in Section 5.  While it is recognized that the 
actual contact forces acting on the particles will depend on the geometry of the contacting 
regions rather than just the overlap as presented here, previous comparisons between 
simulations and experiments for non-spherical particle shapes have shown that, at least 
for system packing and flow kinematics, such detailed force models are not required 
(Kodam et al., 2010b; Kodam et al., 2012). 
 
4.3 Field Quantity Calculations 
The simulations are used to predict solid fraction, velocity, and particle orientation fields 




each having a diameter six times the cross-sectional diameter of the particles, i.e., Dbin/d 
= 6.  The bins are arranged in a square grid pattern with a spacing between neighboring 
bin centers of Sbin = ½Dbin, which gives a total of 2328 bins used in the system. 
 
The solid fraction in a bin, ν, is given by, 
, (2) 
where Vbin is the bin volume (= πDbin3/6), I is the total number of particles with some 
volume within the bin, and Vi is the amount of volume of the ith particle in the given bin 
(discussed in the following paragraphs).  Note that when a portion of the spherical bin 
overlaps a boundary, only that portion of the bin volume located within the containing 
vessel is used in the solid fraction calculation. 
 
The velocity vector for a bin, v, is the volume-weighted particle center of mass velocity, 
, (3) 
where vi is the translational velocity of the ith particle’s center of mass.  Note that the 
presented velocities are given in the blade’s frame of reference so that the velocity field 
remains steady.  To convert from a fixed frame of reference to the blade’s frame of 
reference, the tangential velocity component of the blade at the particle’s center of mass 






















where the superscripts B and F refer to the blade and fixed frames of reference, ω is the 
blade’s rotational velocity in the fixed frame, and ri is the position of the particle’s center 
of mass from the origin, which is located along the center of the rotating shaft. 
 
Calculation of particle orientation fields is more complex than the previously described 
parameters, and utilizes a modified Q tensor approach, which is encountered in the study 
of liquid crystals (Turzi, 2011).  A similar method is used in the sphero-cylinder packing 
studies of Zhao et al. (2012).  In each bin, the tensor order parameter Qαβ is determined as,  
, (5)  
where J is the identity tensor and M is, 
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Vµ . (7) 
The parameters ni,α and ni,β are the α and β components, i.e., the x, y, or z components, of 
the unit vectors aligned along the long axis of the ith particle (note that the commas do 
not imply differentiation). 
 
Two quantities of interest may be determined from the Q tensor.  The first is the degree 
of alignment, S, which describes the variability of particle orientations in the bin, and is 
3/2 the eigenvalue having a different sign from the other eigenvalues.  The degree of 







alignment ranges in value from –½ ≤ S ≤ 1, with S = 1 indicating completely aligned 
particles, S = 0 indicating that particles are randomly oriented in 3D space, and S = –½ 
indicating that the particles are randomly oriented in a plane (2D space).  The second 
quantity of interest is the principal axis of alignment, which is the eigenvector 
corresponding to S and gives the most probable orientation of particles.  Note that the 
principal axis of alignment when S = 0 is undefined, and when S = –½ it is perpendicular 
to the plane in which the particles lie. 
 
In order to calculate the particle volume contained within a given spherical bin, the 
following algorithm is implemented.   
1. Consider a sphero-cylindrical particle with the unit vector n = (a, b, c) parallel to the 
particle’s axis.  The center of the spherical bin is assumed to be O(x0, y0, z0).   
2. For an arbitrary circular particle cross-section, shown as a black circle in Figure 4.3, 
with a center location given by A(x1, y1, z1) and a radius r, the plane containing the 
circle is, 
. (8) 
3. The distance D between the bin’s center O and the plane found in step 2 is, 
. (9) 
4. The plane intersects the spherical bin surface along the red circle shown in Figure 4.3, 
which has a center at O’ with radius R.  The point O’ is located at, 
 nDzyxOzyxO −= ),,(),,( 000222
' . (10) 
5. The distance d between point A and point O’ is, 
ax + by + cz( ) − ax1 + by1 + cz1( ) = 0
D =
ax0 + by0 + cz0( ) − ax1 + by1 + cz1( )





and the radius of the red circle in Figure 4.3 is, 
,      (12) 
where R0 is the radius of the spherical bin. 
6. The area, S, of the particle overlapping the spherical bin at this particular cross-
section (Wolfram, 2012), i.e., the overlap between the red and black circles in Figure 
4.3, is,  
. (13) 
7. The total volume of the sphero-cylindrical particle within the sphere may be found by 
numerically integrating the cross-sectional area A along the axis of the particle. 
 
4.4 Particle Internal Load and Moment Calculations 
A novel approach is used to calculate the internal load and moment distributions within 
individual rod-like particles.  At a given instant in time, the dynamics of a particle can be 
characterized by the translational acceleration aP, rotational acceleration , and 
rotational velocity ωP of the particle’s center of mass (point P), as shown in Figure 4.4a.  
Note that the rotational acceleration and velocity are given in the particle-fixed frame of 
reference (xyz)P.  The forces acting on the particle include surface forces FP,i due to 
contact with other particles and boundaries, as well as a gravitational body force acting at 
the particle’s center of mass GP. 
d = x2 − x1( )2 + y2 − y1( )2 + z2 − z1( )2
R = R0
2 − D2
S = r2 cos−1 d
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To determine the internal loads and moments within the particle, it is assumed that the 
particle is geometrically rigid, as is the case in essentially all DEM simulations (particle 
deformations are accounted for in the force models).  Taking advantage of the rod-like 
geometry of the particle, the internal loads and moments are determined on cross-
sectional areas having a unit normal pointing along the axis of the particle, i.e., the z 
direction in Figure 4.4.  The resultant loads and moments on a particular cross-section C-
C’ (Figure 4.4b) are determined by applying Newton’s Second Law to one of the two 
particle segments (e.g., segment B) resulting from the cross sectioning.  From Newton’s 
Third Law, the loads and moments on the other segment (segment A) are equal and 
opposite in sign to segment B’s values.  The cross-sections are made only in the 
cylindrical portion of the particle; hence, the internal loads and moments are not reported 













Figure 4.4. Schematics of the loads and kinematic parameters for (a) a sphero-cylindrical 





From rigid body kinematics, the translational acceleration of segment B’s center of mass 
is given by, 
, (14) 
where rB/P is the vector pointing from center of mass of the original particle (point P) to 
the center of mass of segment B (point B).  The rotational velocity and acceleration about 
segment B’s center of mass will be identical to the rotational velocity and acceleration of 
particle P, 
ωB = ωP, (15) 
. (16)    
The forces acting on segment B include the external surface forces acting the segment 
(FB,i ⊆ FP,i), as well as the internal forces that segment A exert on segment B, which 
include an internal normal force N = N  and an internal shear force V = Vx + Vy .  
In addition, segment A exerts an internal bending moment M = Mx  + My , and 
internal twisting moment T = T  on segment B.  Lastly, a gravitational body force GB 
also acts on segment B, with its value being proportional to the volume of segment B. 
 
The accelerations, external surface forces, and gravitational body force acting on segment 
B are all known.  The internal loads and moments may be determined using Newton’s 
Second Law and Euler’s equations of motion, 
, (17) 
 , (18) 
B/PPB/PPPPB rωrωωaa ×+××+= &)(




N + V + FB,i∑ + GB = mBaB




where IB is segment B’s principal moment of inertia matrix in the particle’s frame of 
reference, 
. (19) 
Note that the moments of inertia include the hemispherical end cap of the segment.  The 
parameters ri/B and rCC’/B are the vectors pointing from the center of mass of segment B to 
the location of external surface force FB,i and the cross-section CC’ where internal shear 
force V is applied.  Equations (17) and (18) are a collection of six equations with six 
unknowns (N, Vx, Vy, Mx, My, and T) and thus the system can be solved for the internal 
loads and moments.  The internal loads and moments are calculated at seven evenly 
distributed locations along the length of each particle’s cylindrical portion (Figure 4.5) 
starting and ending at the interfaces between the hemispherical end-caps and the 
cylindrical portion of the particle.  A larger number of internal locations could have been 
used, but at increased computational cost. 
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Figure 4.5.  Evenly distributed cross-section locations on which the internal loads and 
moments are determined. 
 
In order to present spatial distributions of the internal loads and moments over all 
particles, the mean value of a quantity at cross-section location z is given by, 
, (20)  
where αiq is the quantity of interest (load or moment) for particle q at time instance i.  
The quantity Q is the total number of particles in the system.  Because the system is 
axisymmetric and at steady state, the quantity α is averaged over a large number of time 
instances τ, each having a duration equal to the inverse of the simulation data output 
frequency.  The number of time instances τ  is equal to the output frequency multiplied 
by the number of blade revolutions over which the measurements are made (= 3 blade 
revolutions).  Thus, in the given work using an impeller speed of 30 rpm with 80 samples 
recorded per blade revolution over a period of three blade revolutions, averages are made 
over τ = 240 samples, with each sample reporting α values averaged over a time period 
of 0.025 s. 
 
α z( ) = 1
Qτ










4.5 Particle Internal Stress Calculations 
The stresses internal to the particles may be estimated from the internal loads and 
moments.  In order to calculate these stresses, the particle is assumed to behave as a 
Timoshenko beam (Bauchau, 2009).  Timoshenko beam theory is similar to the more 
familiar Euler-Bernoulli beam theory, which is frequently used to calculate the internal 
stresses and deflections of slender beams, except that Timoshenko beams allow for shear 
deformation of the beam, which is more suitable for short beams.  However, the 
difference in the two theories only appears in the predictions of the beam deflection and 
not in the internal stresses.  Recall that the particle is assumed here to remain 
geometrically rigid so deflections are neglected.  Both beam theories give the internal 







   
where x and y are the distances from the long axis of the particle and N, V, M, T are 
internal loads and moments on the given cross-section.  In order to balance spatial 
σ xx = 0
σ yy = 0
σ zz =
NR2 + 4M xy − 4M yx
π R4
σ xy = σ yx = 0
σ yz = σ zy =
4Vy R
2 − y2( ) + 6Tx
3π R4
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resolution with computational efficiency, the stress components are calculated at a 
discrete number of points at each cross section (Figure 4.6).   
 
 
Figure 4.6.  Sample points (in red) of cross-section C-C’ at which stresses are calculated.   
 
Although the stress components may be of interest independently, what is typically of 
more interest for particle breakage is a measure of stress that is related to a failure model.  
For example, with materials that fail in a ductile manner, it is the equivalent or Mises 
stress that is usually of interest, 
, (27) 
where σ1, σ2, and σ3 are the principal stresses of the stress tensor with σ1 ≥ σ2 ≥ σ3.  If the 
Mises stress equals or exceeds the yield strength of the particle material, σy, then failure is 
assumed to occur (Beer, 2009), 




. (28)  
If the material fails in a brittle manner, then one common failure model, known as the 
maximum stress criterion, states that failure occurs when either the maximum principal 
stress or absolute value of the minimum principal stress exceeds the ultimate strength of 
the material Su (Beer, 2009), 
. (29) 
In this work, particle bending contributes most to the stresses, so |σ1 | and |σ3| are nearly 
equal in value.  Since for most materials the ultimate tensile strength is smaller than the 
ultimate compressive strength, particle failure in tension may be reasonably assumed.   It 
is important to note that in these simulations the particles do not break.  In an actual 
system, if particle breakage occurs, the distribution of stresses will likely change due to 
changes in force transmission through the particle bed (Ning and Ghadiri, 2006).   
 
Since it is either the maximum Mises stress or maximum principal stress that is of interest 
in these two failure models, frequency distributions by number of these stresses are 
calculated over all particles.  The frequency distributions by number is given by, 
, (30) 
where σ is the maximum stress of interest and qi(σ − ½∆σ, σ + ½∆σ) is the number of 
particles at time instance i with a maximum stress value within the given range.  Thus, 
f(σ)∆σ is the average fraction of particles within the range σ – ½∆σ ≤ σ  < σ  + ½∆σ  
over the duration of the time instance (= 0.025 s at a blade speed of 30 rpm, a sampling 
σ M ≥ σ y
σ 1   or  σ 3 ≥ Su
f σ( ) = 1
τQ







frequency of 80 samples per blade revolution, and a total of three blade revolutions).  
Complementary cumulative distributions of these stresses, 
, (31)  
are also generated from the frequency distributions since these are more convenient for 
determining what fraction of particles exceed a particular stress value.  In addition to 
frequency distributions, spatial distributions of the stresses within a particle are generated 
(using Eq. (20)).






CHAPTER 5. MODEL VALIDATION EXPERIMENTS  
5.1 Experimental System 
Several experiments were performed in order to validate the DEM model.  The validation 
consisted of comparing the steady state blade torque measured in the experiments to 
predictions from the DEM simulations.  These experiments used the system geometry 
described in Section 4.1 and Table 4.1, although the experiments did have small gaps 
between the blades and the cylinder base and walls.  These gaps, however, were quite 
small (< 1 mm) and particles could neither fit through the gaps nor become jammed in 
them.   The cylinder and base material in the experiments consisted of Plexiglas while the 
inner shaft and blades were comprised of aluminum.  A photograph of the experimental 
apparatus is given in Figure 4.2. 
 
Four types of monodisperse acetal particles (E&T Fasteners, Inc., Clearlake, CA) were 
used in the experiments:  6.35 mm diameter spheres and three types of right, circular 
cylinders with a length of 9.53 mm and an aspect ratio of three (d = 3.18 mm), a length of 
12.70 mm and an aspect ratio of four (d = 3.18), and a length of 28.58 mm and an aspect 






Figure 5.1. (a) Acetal spheres and acetal cylinders with (b) AR = 3, (c) AR = 4, and (d) AR 
= 9.2. 
 
Note that the simulations used sphero-cylindrical particles rather than the right, circular 
cylinders used in the experiments.  In order to have an identical particle mass in the 
simulations as in the experiments for an identical particle cross-sectional diameter and 
aspect ratio, the simulation particle density was chosen such that it matched the 
corresponding particle mass used in the experiments.  A summary of the densities is 





Table 5.1. Parameter values for the DEM validation and parametric study simulations.  The “±” values on the 
friction coefficients correspond to one standard deviation in the experimental measurements.  The DEM 
validation simulations used the mean values of the friction coefficients.  Plain fonts indicate that the values 
matched experimental values while italicized fonts indicate values chosen arbitrarily (a discussion of the impact 
of some of these parameters is given in Section 5.2).  The underlined fonts for the densities in the validation 
studies indicate that the densities were chosen such that the particle masses in the simulations (sphero-cylinders) 
matched the experimental particle masses (right cylinders).   
Parameter Value (validation) Value (parametric) 






3.175 mm (AR = 3, 4) 
3.099 mm (AR = 9.2) 
 
3.175 mm 
3.175 mm (AR = 3, 5, 7) 
3.099 mm (AR = 9.2) 





1557.4 kg/m3 (AR = 3) 
1510.2 kg/m3 (AR = 4) 
1436.3 kg/m3 (AR = 9.2) 
1384.3 kg/m3 
particle elastic modulus (acetal) 1 MPa 1 MPa 
outer cylinder and base elastic modulus (Plexiglass) 1 MPa 1 MPa 
blade/shaft elastic modulus (aluminum) 1 MPa 1 MPa 
particle Poisson’s ratio 0.3 0.3 
outer cylinder and base Poisson’s ratio 0.3 0.3 
blade/shaft Poisson’s ratio 0.3 0.3 
particle-particle coefficient of restitution 0.6 0.6 
particle-outer cylinder and base coefficient of restitution 0.6 0.6 
particle-blade/shaft coefficient of restitution 0.6 0.6 
particle-particle friction coefficient 0.110 ± 0.009 0.110 
particle-outer cylinder friction coefficient 0.171 ± 0.011 0.171 
particle-base friction coefficient 0.171 ± 0.011 0.450 
particle-blade/shaft friction coefficient 0.160 ± 0.009 0.160 
sphere-sphere rolling friction coefficient 0.0237 ± 0.0029 0 
sphere-outer cylinder/base rolling friction coefficient 0.0266 ±0.0032 0 




Previous work (Ketterhagen et al., 2008; Stewart et al., 2001a; Zhou et al., 2004) has 
shown that for dense granular flows, one of the most significant particle-level properties 
affecting flow behavior is the friction coefficient.  Hence, the friction coefficients 
between particles and between a particle and the boundary materials were measured 
directly.  A pin-on-disk device, similar to the one described by Suzzi et al. (2012), was 
used to make the sliding friction measurements.  A schematic of the device is shown in 
Figure 5.2.  The device consisted of a rectangular plate attached to a shaft rotating at a 
constant speed located at the upper half of the device.  The force and torque acting on this 
shaft could be measured.  An acetal particle was attached to the underside of the 
rectangular plate.  This particle was pressed against a fixed plate comprised of acetal (for 
other particles), aluminum (for the blades and central shaft), or Plexiglas (for the outer 
cylinder and base).  By measuring the force, F, and torque, T, acting on the upper shaft 
along with the radial distance of the particle from the center of the rotating shaft, r, the 
sliding friction coefficient, µ, could be measured, 
. (32) 
The shaft was allowed to rotate for one minute, corresponding to 24 revolutions, with 
data collected between 20 and 40 seconds used for analysis.  Though the device in Figure 
5.2 only shows the case where a particle end is pressed against the test plate, both the 








Figure 5.2. A schematic of the pin-on-disk device used to make sliding friction 
coefficient measurements.  The parameter ω is the shaft rotation speed, T is the shaft 
torque, and F is the normal force applied to the rheometer load cell. 
 
The calculated friction coefficient from one experiment is shown in Figure 5.3.  This 
particular experiment consisted of an AR = 3 acetal cylinder pressed against an acetal 
plate.  The source of the periodicity in the signals could not be determined definitively, 
but appears to be due, in part, to slight misalignments of the upper and lower surfaces.  
Nevertheless, the standard deviation in the friction coefficient values is less than 8.2% of 
the mean value in all cases.  The mean friction coefficients and standard deviations in the 





Figure 5.3. Calculated friction coefficient for an acetal cylinder pressed against an acetal 
plate. 
 
In additional to the sliding friction coefficients, rolling friction coefficients were 
estimated for the spherical acetal particles against acetal, aluminum, and Plexiglas flat 
plates.  Rolling friction was not included in the sphero-cylinder simulations.  The 
procedure for measuring rolling friction coefficients consisted of releasing an acetal 
sphere down a small ramp of height hr and measuring the distance the sphere travels on 
the plate until coming to rest, d.  The rolling friction coefficient is then given by µr = hr /d.  
This approach is identical to the one used by Ketterhagen et al. (2010) as well as an 
ASTM standard (ASTM, 2009).  Fifty separate rolling friction coefficient measurements 
were made for each material pair, with the mean and standard deviation in the 
measurements provided in Table 5.1.  
 
The baseline elastic moduli, Poisson’s ratios, and coefficients of restitution used in the 




the given materials are of the order 109 – 1010 Pa, which would result in simulation 
integration time steps too small to be practical for the computer hardware used to perform 
the simulations.  Hence, artificially small elastic moduli values of 106 Pa are used instead, 
with the influence of the elastic modulus investigated parametrically (and detailed in the 
following paragraphs).  Poisson’s ratios of 0.3 are used for all of the materials, which are 
similar to the actual values for the experimental materials.  A value of 0.6 was used for 
the coefficients of restitution.  As with the elastic modulus, the influence of this 
parameter is investigated parametrically and is described in the following paragraphs. 
 
The experimental blade torque was measured using a torque sensor (Futek TRS600) 
attached between the motor and blade shaft.  The experiment was allowed to operate for 
approximately 30 seconds before torque measurements were started in order to avoid 
initial transients.  Measurements were then collected for roughly 30 shaft rotations at a 
shaft rotational speed of 30 rpm.  The average torque generated when no particles were in 
the mixer was subtracted from the experimental data.   
 
5.2 Validation of Shaft Torque 
Figure 5.4 plots the steady state torque in the experiments using the acetal spheres as a 
function of initial fill height H made dimensionless by the height of the mixing blades HB.  
The scatter bars in the plot indicate plus and minus one standard deviation from the mean 
torque.  Also included in the plot are the corresponding predictions from the DEM 
simulations using the validation parameters listed in Table 5.1.  As can be observed from 




although the scatter in the simulation and experimental measurements overlap.  A linear 
trend is observed, identical to the torque-bed height relationship in Remy et al.’s (2010) 
DEM simulations, which also use spheres.   
 
 
Figure 5.4. Blade torque from the experiments and simulations using acetal spheres.  The 
bars in the figure represent plus/minus one standard deviation in the torque data. 
 
Since the coefficients of restitution and elastic modulus values used in the simulations are 
not directly measured from material properties, parametric studies were performed to 
investigate whether changing these values would significantly affect the torque 
predictions for spheres.  Figure 5.5a demonstrates that changing the coefficient of 
restitution does not influence the torque in an appreciable manner, consistent with 
previous observations (Freireich et al., 2009).  However, Figure 5.5b shows that 




The simulated torque extrapolated to the true elastic modulus values for acetal, Plexiglas, 
and aluminum, which are of the order 109 – 1010 Pa, are consistent with the 
experimentally measured value.  Although it would be ideal to use the true elastic 
modulus values in the simulations, increasing the elastic modulus by three orders of 
magnitude would result in simulations lasting more than 15 times longer, which would 
make the computations impractical to perform.  Hence, the smaller elastic modulus 
values of 1 MPa were maintained in the remainder of the simulations with the 
acknowledgement that the simulations slightly under-predict the shaft torque.  It is 
interesting to note that previous DEM simulations studies have shown that flow behavior 
is relatively insensitive to reasonable changes in the contact stiffness, although force-
related measurements were not made in these prior studies (Freireich et al., 2009). 
 
Figure 5.5c and Figure 5.5d demonstrate the significant influence of the sliding friction 
coefficient and the relatively minor influence of the rolling friction coefficient on the 
shaft torque for spheres.  Hence, an appropriate choice of the sliding friction coefficient is 
important for obtaining realistic simulation values of the torque whereas, at least for 
spheres, the rolling friction coefficient is a less critical parameter.  Prior DEM studies 
focusing on flow behavior have also shown similar trends (Stewart et al., 2001; Zhou et 





Figure 5.5. Effect of (a) coefficient of restitution, (b) elastic modulus, (c) sliding friction, 
and (d) rolling friction coefficient on the DEM-predicted shaft torque for spheres.  The 
scatter bars in the figures correspond to plus/minus one standard deviation in the time 
series data from a single simulation.  The normalized sliding and rolling friction 
coefficients are with respect to the baseline values.  The dimensionless level depth of the 
bed in these simulations is H/HB = 1.0. The horizontal lines indicate the experimental 
shaft torque value.   
 
In addition to validation studies for spherical particles, experimental and DEM-predicted 
shaft torque comparisons were made with the rod-shaped particles.  Figure 5.6 plots the 
blade torque as a function of the particle aspect ratio.  The data show that the torque does 




DEM results slightly under-predict the experimental results, but the scatter bars overlap.  
The torque increases slightly from AR = 3 to 4, but remains nearly constant in going from 
AR = 4 to 9.2. The weak dependence of the torque on the particle aspect ratio was also 
noted by Bharadwaj et al. (2010) for aspect ratios ranging from AR = 1.1 to 2.0, although 
they observed an increase in the torque in going from spheres to rods with an aspect ratio 
of AR = 1.1.  Although not shown here for brevity, the sliding friction coefficient plays a 
similarly significant role in determining the shaft torque for rod-like particles, as was the 
case for spherical particles.  Since the simulation data show similar torque trends and 
have predicted values only 4.9 – 14.5% smaller than those found experimentally, the 
DEM simulations are considered accurate enough to give confidence in additional DEM 
predictions.   
 
Figure 5.6. Shaft torque comparison between experiments and simulations using rod-
shaped particles.  The dimensionless bed depth in the simulations is H/HB = 1.0.  The bars 





5.3 Validation of Particle Velocities 
Experimental measurements are performed in order to validate the particle velocities in 
the DEM simulation. The tracer particle approach is utilized here to measure the bed free 
surface velocity field.  
 
First, a camera is fixed above the drum in order to record particle movement at the 
surface of the vertical axis bladed mixer. The central axis of the camera is kept coincident 
with the axis of the shaft of the bladed mixer.  
 
Second, acetal particles with AR=3, which are described in Section 5.1, are placed in the 
drum to achieve a dimensionless bed height H/HB=1.0.  More than fifty tracer particles 
are marked with color and placed evenly into the bed. Half of the band of the tracer 
particle is marked in black while the other half is marked in red. The central circular 
cross-section is the boundary of the two colored bands. By marking the particle with two 
colors like this, the center of the particle can be more easily identified in the video. This 
is important because the location of the particle center has to be identified to determine 
particle location and translational velocity.  
 
Third, the motor is started so that the blade stirs the particle bed. The shaft rotational 
speed is 30 rpm. The video recording starts after many blade revolutions to ensure the 





Fourth, manual image analysis is performed to track the path of each marked particle at 
the bed top free surface. All the in-plane position coordinates of tracer particles at 
different locations of the bed top free surface at an arbitrary time instance t in the global 
frame of reference can be determined from the image analysis. The global in-plane 
position coordinates of tracer particles at the time instance t are then transferred to blade 
local frame of reference. At the next time instance tt ∆+ , the locations of the tracer 
particles represented in the blade frame of reference are determined in the same manner. 
The in-plane velocities at the location tix , at the free surface of the bed can be calculated 
in the blade frame of reference as,  
txxv ttititi ∆= ∆+ /,,,
r
 ,                                                                                                     (33) 
where tix , is the location of ith tracer particle in the blade frame of reference at the time 
instance t, ttix ∆+, is the location of ith particle in the blade frame of reference at the time 
instance tt ∆+ .  
 
By conducting this calculation for all the tracer particles for each time instance, velocities 
at different locations of the bed in blade frame of reference can be obtained. The 
arrangement of measurement bins are described in Section 4.3. The average velocities in 
all of the measurement bins are calculated, so the bed free surface velocity field in 
experiment is generated.  
 
Lastly, the velocities are predicted at the bed free surface from the simulation. The bed  




velocities from experiment shown in Figure 5.7(b). All the vectors are in-plane velocities 
normalized by the blade tip speed and all velocities are represented in the blade reference 
frame. Reasonable agreement is observed between the simulation and experiment. 
 
 
Figure 5.7. Relative velocity field at bed surface from (a) DEM simulation (b) experiment. 
The arrow below the figure is the blade tip speed, for reference. The dimensionless bed 
depth is H/HB = 1.0. The dashed lines represent the position of the blade.  
 
Figure 5.8 shows the error quantification of the predicted surface velocities at the bed top 
surface. In general, good agreement is observed between simulation and experiment.  In 
the regions above the blade and regions at the valley of the bed, minor errors are 
observed for both of velocity magnitudes and directions. In the middle regions of the bed, 
i.e. the slope where particles are flowing down from the heap to the valley, small errors 
are found for velocity directions while relatively large errors are found for the velocity 
magnitudes.  The small error in velocity direction is expected because in both of 




to the valley. At the top of the heap, relatively large errors exist for both of velocity 
magnitudes and directions. This discrepancy exists near the diverging point where flow 
towards the blade is divided into two directions, i.e. one flowing over blade and the other 
flowing down the heap.  In this region, the particle kinematics is relatively complicated. 
Slight difference in the location of the diverging point could cause obvious discrepancy 
between simulation and experiment in this region. The relatively large error in velocity 
magnitudes at the bed slope is also due to the same reason. This type of discrepancy is 
difficult to avoid and generally acceptable. Overall, the simulation and experiment show 
reasonable agreement.   
 
Figure 5.8. (a) Relative magnitude error and (b) direction error of predicted velocities at 
the bed top surface. The dimensionless bed depth is H/HB = 1.0. The dashed lines 




CHAPTER 6. PARTICLE KINEMATICS 
Three parameters are examined using the sphero-cylindrical particle DEM vertical axis 
mixer simulations: velocity fields, solid fraction fields, and particle orientation fields.  In 
particular, at the shaft rotational speed of 30 rpm, the influences of bed depth and particle 
aspect ratio are examined, with three dimensionless bed depths of H/HB = 1, 1.5, and 2 
and five aspect ratios of AR = 1, 3, 5, 7, and 9.2.  Simulations in which the shaft rotation 
speed is varied between 30 and 90 rpm, corresponding to Froude numbers between 0.10 
and 0.89, where the Froude number is the square of the blade rotational speed multiplied 
by the container radius and divided by the acceleration due to gravity, indicate that the 
system behavior remains insensitive to speed in this range (results not shown for brevity), 
similar to the findings of Stewart et al. (2001b).  Correlations between various parameters 
are also presented. The parameters used in these DEM studies, which are slightly 
different than those used in the validation studies, are listed in the right hand column of 
Table 5.1.  
 
6.1 Velocity Fields 
In general, the flow patterns of sphero-cylindrical particles in the vertical axis mixer 
geometry are similar to the flow patterns observed with spheres as described in Section 




Figure 2.1b, heaps form upstream and valleys form downstream of the blades.  Particles 
avalanche over the blade as well as down the front and side surfaces of the heap to rejoin 
the flow toward the blade.  
 
6.1.1 Influence of Particle Aspect Ratio 
Particle velocity fields for the five aspect ratios (AR = 1, 3, 5, 7, and 9.2) at three different 
heights above the base (h/HB = 0.3, 1.0, and 1.6) are shown in Figure 6.1-Figure 6.3.  
These simulations were performed using values from the right hand column of Table 5.1 
unless otherwise noted.  Each figure shows the in-plane velocity vectors with the color 
scale corresponding to the out-of-plane velocity component.  Note that all of the 
velocities are relative to the blade (shown as a dashed line in the figures), which rotates in 
the clockwise direction when viewed from above in a fixed frame of reference.  The 
velocities shown are the mean of more than 240 time instances, equivalent to three blade 
revolutions once steady state conditions have been attained, which occurs after no more 








Figure 6.1. Relative velocity fields at a dimensionless height above the mixer base of h/HB = 0.3.  The 
dimensionless bed depth is H/HB = 1.0. The arrow below the color scale is the blade tip speed, for reference.  
The vectors are the in-plane velocities while the color represents the out-of-plane speed made dimensionless by 






Figure 6.2. Relative velocity fields at a dimensionless height above the mixer base of h/HB = 1.0.  The 
dimensionless bed depth is H/HB = 1.0. The arrow below the color scale is the blade tip speed, for reference.  
The vectors are the in-plane velocities while the color represents the out-of-plane speed made dimensionless by 












Figure 6.3. Relative velocity fields at a dimensionless height above the mixer base of h/HB = 1.6.  The 
dimensionless bed depth is H/HB = 1.0. The arrow below the color scale is the blade tip speed, for reference.  
The vectors are the in-plane velocities while the color represents the out-of-plane speed made dimensionless by 




Several features are readily apparent from the figures.  First, regardless of the particle 
aspect ratio, the in-plane relative velocities generally increase with distance from the 
center of the mixer, consistent with the findings of others (Stewart et al., 2001a, 2001b; 
Zhou et al., 2004) for spherical particles.  In addition, there is a downward velocity 
component into the wake located behind the blade and an upward component in the heap 
just upstream of the blade.  Near the base of the container (h/HB = 0.3), there is a single, 
large vortex that rotates in the counter-clockwise direction with particles on the 
downstream side of the blade moving parallel to the blade toward the container’s 
perimeter.   This vortex also appears at the other heights, but the center of the vortex 
moves increasingly toward the upstream side of the blades and the size of the vortex 
decreases as the distance from the base increases.  At the larger aspect ratios (AR = 7 and 
9.2) and highest level (h/HB = 1.6), the center of the vortex is close to the cylindrical wall 
and is difficult to see in the figures.  The particles in these upper layers no longer move 
parallel to the upstream side of the blade, but instead move over the blade toward the 
wake.  
 
The magnitude of the particle relative velocities decreases as the particle aspect ratio 
increases from 3 to 9.2, indicating that the particles move increasingly as a solid body 
with the blades.  This behavior is likely the result of larger aspect ratio particles having 
decreased mobility as aspect ratio increases.  The AR = 1 particles also have slightly 
diminished velocities compared to the AR = 3 particles.  Observations from videos of the 
flows show that the spheres rotate much more than the larger AR particles when sheared 




To demonstrate the decrease in particle mobility with aspect ratio as well as the 
significance of sphere rotation, the mean mass flow rate of particles over one of the 
blades (calculated for 80 time bins per blade revolution) is plotted as a function of the 
particle aspect ratio in Figure 6.4.  Also included in the plot is a simulation in which non-
rotating spheres are used.  Non-rotating spheres were modeled by eliminating the particle 
rotation dynamics in the simulations. The plot clearly shows a decreasing linear trend 
with the particle aspect ratio for AR = 1 (non-rotating spheres) up to AR = 9.2, consistent 
with the observation that the particle relative velocities in the bed decrease with 
increasing aspect ratio.  The mass flow rate for the rotating spheres is much smaller than 
that for the non-rotating spheres, underscoring the significance of particle rotation on 
mobility within the bed. 
 
Figure 6.4. The mass flow rate of particles over a single blade (determined over 80 time 








depth is H/HB = 1.0.  The scatter bars in the data represent plus/minus one standard 
deviation in the flow rate over the 239 data points used to generate the mean 
 
Lastly, Figure 6.3 shows that there are a larger number of particles located at the h/HB = 
1.6 dimensionless bed height as aspect ratio increases.  As discussed in the next section, 
larger aspect ratio particles also produce larger porosity beds, in general, and thus the 
overall bed volume is larger.  In addition, the heap in front of the blade is observed to be 
taller, which is due to the larger angle of repose that larger aspect ratio particles can 
sustain as a result of their entanglement with one another.  
 
6.1.2 Influence of Bed Depth 
Plots of the relative velocity fields for three dimensionless initial bed depths (H/HB = 1.0, 
1.5, and 2.0) at three dimensionless heights above the container base (h/HB = 0.3, 1.0, and 
1.6) are shown in Figure 6.5 for an aspect ratio of AR = 9.2. At the lowest level (h/HB = 
0.3), the streamlines look similar for all three initial bed depths, but the in-plane relative 
velocity magnitudes and upward speeds upstream of the blade increase as the initial bed 
depth increases, while the downward speeds in the wake region decrease slightly.  At the 
middle level (h/HB = 1.0), the streamlines for the H/HB = 1.0 case looks different than in 
the deeper beds, particularly in the wake zone where particles can be observed 
avalanching into the wake along different surfaces and colliding along a “collision line”, 
while upstream of the blades the velocities are nearly zero relative to the blade.  The 
deeper beds have smaller downward speeds in the wake region and larger speeds 
upstream of the blades.  At the highest level (h/HB = 1.6), empty regions, corresponding 




the H/HB = 1.5 bed displays the large downward speeds and collision line of particles in 
the wake that are observed at h/HB = 1.0 for the H/HB = 1.0 bed.  The upward and in-






Figure 6.5. Velocity fields for different dimensionless level bed depths (H/HB) and dimensionless heights above 
the base (h/HB) for  AR = 9.2.  The vectors are the in-plane velocities while the color represents the out-of-plane 
speed made dimensionless by the tip speed.  The dashed lines represent the position of the blade.  The arrow at 




These results suggest that the shallow bed moves more as a solid body with the blades 
than the deeper beds, in which particles move more slowly than the blades, consistent 
with the findings of Stewart et al. (2001b).  Although not specifically investigated here, 
the greater degree of movement in deeper beds suggests that deeper beds will tend to mix 
better than the shallowest beds.  Of course, exceedingly deep beds are likely to mix 
poorly due to their upper layers being located far from the shearing action of the mixing 
blades.  Hence, there is likely a bed depth at which the degree of mixing per unit mass of 
the bed will be optimal. 
 
6.2 Solid Fraction Fields 
In addition to the velocity fields, the solid fraction fields were investigated as a function 
of particle aspect ratio and bed depth.  The solid fraction is of particular interest in the 
operation of agitated filter dryers, which involves the flow of hot, dry air through the bed 
of particles in order to evaporate liquid left over from the production of the particles.  
Regions of larger solid fraction are expected to produce a larger resistance to airflow and 
large variations in solid fraction may result in unequal rates of drying. 
 
6.2.1 Influence of Particle Aspect Ratio 
Figure 6.6 – Figure 6.8 plot the solid fraction fields corresponding to the velocity fields 
shown in Figure 6.1 – Figure 6.3.  In general, as the particle aspect ratio increases, the 
overall bed solid fraction decreases and the solid fraction field is less uniform.  The mean 
solid fractions, not including empty regions, for the five aspect ratios of AR = 1, 3, 5, 7, 




0.32.  When not aligned, larger aspect ratio particles can remain in stable configurations 
that have larger porosity.  The larger variability in the solid fraction with increasing 
aspect ratio reflects, in part, the bigger impact particle orientation plays on solid fraction 
as particles become more elongated.  Abreu et al. (2003) found that the bed porosity 
increases with sphero-cylindrical particle aspect ratio for aspect ratios greater than 1.5 in 
their Monte Carlo simulations, which is consistent with the observations in this work.  
For reference, Abreu et al. (2003) found that the mean solid fraction for rods in periodic 
beds subject to a tapping amplitude equal to 2 mm was approximately 0.56 for spheres 
with a 1 mm diameter and 0.57 for AR = 3 rods with a 0.59 mm cross-sectional diameter. 
Williams and Philipse (2003) and Meng et al. (2012) found slightly different values, with 
sphero-cylinders of AR = 1, 3, and 5 giving solid fractions of 0.63, 0.61, and 0.53, and 
0.64, 0.63, and 0.54, respectively.  Williams and Philipse also found that the solid 
fractions were 0.48 and 0.42 for AR = 7 and 9.2.  Zhao et al. (2012) found even larger 
values, with sphero-cylinders of AR = 1, 3, and 5 giving solid fractions of 0.64, 0.68, and 
0.61. Although the trend with aspect ratio is similar, the mean solid fractions in the 
current work tend to be smaller than those in these previous static assemblies, which is 
due in part to the shearing of the material and in part to the smaller solid fraction near the 
free surface and in the wake region. 
 
Regions of largest solid fraction tend to be toward the base of the container outside of the 
wake and on the upstream side of the blades.  The smallest solid fractions occur in the 
wake region, near the cylinder periphery, and closer to the free surface.  As is discussed 




and upstream of the blade, resulting in tighter packing and larger solid fractions.  In the 
wake region, the larger aspect ratio particles have a more random alignment and thus 





Figure 6.6. Solid fraction fields at a dimensionless height above the mixer base of h/HB = 0.3.  The 








Figure 6.7. Solid fraction fields at a dimensionless height above the mixer base of h/HB = 1.0.  The 












Figure 6.8. Solid fraction fields at a dimensionless height above the mixer base of h/HB = 1.6. The 






6.2.2 Influence of Bed Depth 
Figure 6.9 plots the solid fraction fields at three dimensionless heights above the 
container base (h/HB = 0.3, 1.0, and 1.6) for three dimensionless level bed depths (H/HB = 
1, 1.5, and 2.0) for particles with an aspect ratio of AR = 9.2.  These solid fraction results 
correspond to the velocity fields shown in Figure 6.5.   
 
In general, the solid fraction of the bed at a given height above the base is larger for 
larger fill levels.  In addition, regardless of the level fill height, the solid fraction is 
generally larger just upstream of the blades.  Both of these trends appear to be the result 
of compressive stresses, due to the weight of the bed, and/or due to the dynamic pressure 
of material approaching the blade, which cause the more porous, fragile packing 
structures to collapse.  Indeed, as shown in Sections 6.3 and 6.4, the larger solid fraction 





Figure 6.9. Solid fraction fields for different dimensionless level bed depths (H/HB) and dimensionless heights 





6.3 Particle Orientation Fields 
The last parameters examined in the current study are the principal orientations of 
particles in a local region and their degree of alignment (refer to Section 4.3).  Particle 
orientation is of interest since aligned particles are expected to pack more efficiently, 
which would affect airflow and agglomerate formation in agitated filter dryers, for 
example.  The stresses in a bed of elongated particles are also related to particle 
orientation (see, for example, Guo et al., 2012a).  
 
6.3.1 Influence of Particle Aspect Ratio 
Figure 6.10 – Figure 6.12 plot the principal particle orientation vectors and degree of 
alignment fields at the three dimensionless bed elevations and five particle aspect ratios 
used in Figure 6.1 – Figure 6.3 and Figure 6.6 – Figure 6.8.  Recall that the principal 
orientation vectors indicate the mean orientation of particles in a given region.  The 
principal orientation vectors, which are unit vectors, are projected in the planes shown in 
Figure 6.10 – Figure 6.12, which results in some of the vectors appearing shorter than 
others.  The degree of alignment (S) is a measure of how consistently the particles in the 
region are aligned, with a value of S = 1 indicating perfect alignment, S = 0 indicating 
particles are randomly oriented in 3D, and S = –½ indicating particles are randomly 





Figure 6.10. Principle orientation and degree of alignment fields at a dimensionless height above the mixer base 







Figure 6.11. Principle orientation and degree of alignment fields at a dimensionless height above the mixer base 












Figure 6.12. Principle orientation and degree of alignment fields at a dimensionless height above the mixer base 










The AR = 1 case shows that there is no clear degree of alignment within the bed (S ≈ 0), 
which is expected for spherical particles.  A few regions in Figure 6.11 and Figure 6.12 
(AR = 1) appear near the edge of the wake region in which S ≠ 0.  Upon further 
investigation, it was found that these regions have just a few particles in the measurement 
bins.  Note that when S = 0, the principal orientation vectors are not defined; however, in 
the field plots they do appear because the S values are not exactly equal to zero, thus 
principal orientation vectors appear.    
 
Particles with an aspect ratio greater than one have almost no 3D-random orientation 
regions.  Instead, much of the flow field has either some alignment (0 < S < 1), with 
regions of significant alignment (S ≈ 1) near the cylinder periphery and on the upstream 
side of the blades, or regions of 2D random orientation (S ≈ –½).  In the significant 
alignment locations (S ≈ 1), the boundaries enforce a packing structure with particles 
aligned parallel to the surfaces.  Regions deeper in the bed, as well as particles with larger 
aspect ratio, tend to have a greater degree of alignment.  The principal orientation vectors 
in these regions and the regions with 0 < S < 1 tend to align with the velocity vectors 
shown in Figure 6.1-Figure 6.3.  A more quantitative discussion of the correlation 
between the velocity vectors and principal orientation vectors is presented in Section 6.4.  
Regions of 2D random orientation, i.e., random orientation in a plane (S ≈ –½), appear 
between the blades near or just downstream of the wake regions, as well as near the free 
surfaces where particles flow down the heap surfaces into the wakes or over the blades.  
When S = –½, the principal orientation vector points perpendicular to the plane in which 




greater degree of alignment, (b) particles align with the velocity vectors, (c) particles 
compressed against boundaries have a greater degree of alignment and are oriented 
parallel to the boundaries, (d) particles flowing down free surfaces are randomly oriented 
in a plane (not in 3D), and particles flowing over the blade are moderately aligned. 
 
6.3.2 Influence of Bed Depth 
Figure 6.13 plots the orientation fields at three dimensionless heights above the container 
base (h/HB = 0.3, 1.0, and 1.6) for three dimensionless level bed depths (H/HB = 1, 1.5, 
and 2.0) for particles with an aspect ratio of AR = 9.2.  These orientation results 
correspond to the velocity fields and solid fraction fields shown in Figure 6.5 and Figure 
6.9, respectively.  At a given elevation, the degree of alignment generally increases with 
increasing dimensionless level bed depth (H/HB) and the size of the regions with random 
orientation in a plane (S ≈ –½) generally decreases.  The trends reported in Section 6.3.1 





Figure 6.13. Principle orientation and degree of alignment fields for different dimensionless level bed depths 





6.4 Correlations between Parameters 
When comparing Figure 6.1 – Figure 6.3 and Figure 6.5 with Figure 6.10 – Figure 6.13, it 
appears that the local principal orientation vectors frequently align with the local velocity 
vectors, especially for larger aspect ratios.  This relationship is made more obvious by 
plotting a frequency distribution of the angle between these two vectors, which is found 
from the dot product between the vectors, 






       0 ≤ θ ≤ π
2
, (34) 
where θ is the angle between the two vectors, v is the velocity vector, and p is the 
principal orientation vector.  The angle θ remains between 0 and π/2 since the rod-shaped 
particles have end-to-end symmetry.  This frequency distribution is plotted in Figure 6.14 
for the entire bed at a dimensionless level bed depth of H/HB = 1.0 for all five aspect 
ratios.  The distribution is nearly uniform for the spheres (a uniform distribution appears 
as a quarter of a sine wave), as expected.  Larger aspect ratios show peaks at nearly the 
same angle, which is between 10 – 15 degrees.  The near alignment of large aspect ratio 
particles with streamlines has been observed previously (Campbell, 2011; Börzsönyi et 
al., 2012; Guo et al., 2012), with the major axes of the particles inclined at approximately 





Figure 6.14. Frequency distributions of the angle between the principal orientation 
vectors and velocity vectors (0 ≤ θ ≤ π/2) for beds comprised of particles with the given 
aspect ratios and a dimensionless level fill depth of H/HB = 1.0.   
 
Comparing the field plots for the solid fractions and the velocities suggests that smaller 
solid fractions occur in regions in which the velocity vectors change direction or 
magnitude.  Figure 6.15a plots the dimensionless velocity gradient magnitude                    
(= ω-1((∂ui/∂xj)(∂ui/∂xj))1/2) field for a bed with H/HB = 2.0 and AR = 9.2 at a 
dimensionless height of h/HB = 0.3.  The largest velocity gradient magnitudes occur in 
the wake region behind the blades and in the heap formation zone upstream of the bed, 
but not directly in front of the blades.  Each of these regions corresponds to smaller solid 
fractions.  Figure 6.15b shows this trend more clearly by plotting the solid fraction as a 
function of the velocity gradient magnitude for the bins in the entire bed as a scatter plot, 
with the points indicating the mean values and the scatter bars corresponding to plus and 




distributed over the bed).  The solid fraction generally decreases with increasing velocity 
gradient magnitude.  Similarly, in Figure 6.16 the solid fraction is plotted as a function of 
the degree of alignment for positive S values, i.e., varying degrees of alignment in 3D 
over the entire bed with H/HB = 2.0 and AR = 9.2.  As might be expected, a greater degree 
of particle alignment correlates with larger solid fractions. 
 
Figure 6.15. (a) Velocity gradient magnitude field made dimensionless by the blade 
rotation speed for a dimensionless height above the base of h/HB = 0.3.  (b) A scatter plot 
of the solid fraction plotted as a function of the velocity gradient magnitude for the entire 
bed.  The points are mean values and the scatter bars encompass +/- one standard 






Figure 6.16. The solid fraction plotted as a function of the 3D degree of orientation (S > 0) 
for the entire bed with AR = 9.2 and H/HB = 2.0.  The points are mean values and the 






CHAPTER 7. PARTICLE INTERNAL LOADS AND STRESSES 
7.1 Comparisons to Other Models 
In order to have confidence that the loads and moments predicted by the current 
algorithm are accurate, comparisons are made to results generated from a previously 
published glued-spheres DEM model, which simulates the rod-like particles in a 
fundamentally different manner.  The predicted stresses are also compared to the stresses 
generated from a finite element method (FEM) simulation of a single particle subject to 
an external load. 
 
The glued-sphere DEM model used for comparison is the one described in Guo et al. 
(2013).  In that model, a rod-like particle is generated by elastically bonding multiple 
spheres in a straight line.  The use of spheres makes the particle surface bumpy, which 
has been shown to produce significantly larger bulk stresses (Guo et al., 2012).  In order 
to provide a better comparison to the current model, which has a smooth surface, the 
component spheres are spaced one sphere radius apart rather than one sphere diameter.   
 
The internal loads and moments in the glued-sphere model are found using the relations 
described in Guo et al. (2013) using a bond stiffness of 1 GPa so that the fibers do not 




internal loads and moments in the present model are determined at the same locations as 
the bonds in the Guo et al. model to facilitate comparisons. 
 
The distributions of loads and moments (using Eq. (30)), but also including each internal 
cross-section so that the frequency is the fraction of total cross-sections within the given 
range of values over the duration of the data sampling time step) generated using each 
model are compared for rod-like particles of AR = 3 in a small, vertical-axis mixer using 
the parameters listed in Table 7.1.  The system geometry is similar in shape to Figure 4.2, 
but the dimensions are reduced to reduce computational time.  Results for both a static 
















Table 7.1. The parameter values for the DEM sphero-cylinder and glued-spheres 
comparison simulations. 
Parameter Value  
outer cylinder diameter 60 mm 
outer cylinder height 150 mm 
central cylindrical shaft diameter 10 mm 
blade height 10 mm 
blade thickness 0.5 mm 
gap between blade and cylinder 0 mm 
gap between blade and base 0 mm 
blade rotation speed 0, 30 rpm 
particle cross-section diameter 3.175 mm (AR=3) 
level bed depth to blade height ratio 1 
particle density  1384.3 kg/m3 
particle elastic modulus  1 MPa 
outer cylinder and base elastic modulus  1 MPa 
blade/shaft elastic modulus  1 MPa 
particle Poisson’s ratio 0.3 
outer cylinder and base Poisson’s ratio 0.3 
blade/shaft Poisson’s ratio 0.3 
particle-particle coefficient of restitution 0.82 
particle-outer cylinder and base coefficient of restitution 0.82 
particle-blade/shaft coefficient of restitution 0.82 
particle-particle friction coefficient 0.110 
particle-outer cylinder friction coefficient 0.450 
particle-base friction coefficient 0.900 
particle-blade/shaft friction coefficient 0.160 
bond stiffness between glued-spheres 1 GPa 
bond damping coefficient 4.2e-2 
number of component spheres per glued-sphere particle 7 
 
Figure 7.1 plots the distributions of internal normal force, shear force, bending moment, 
and twisting moment from both the glued-spheres and sphero-cylinder model for the 
static bed case.  The two models show excellent agreement, although the bending 
moment distribution for the sphero-cylinder model predicts a slightly greater number of 
larger bending moment contacts.  In addition, the sphero-cylinder model predicts a larger 




smaller than the bending moments. Figure 7.2 plots the same data, but for a dynamic bed.  
Again, the normal force distribution comparison is excellent between the two models, but 
the present model predicts more small magnitude twisting moments and more large 
magnitude bending moments and shear forces.  The discrepancies are likely due to the 
fact that the glued-spheres particles can deform slightly when subject to large external 
loads and thus alleviate the internal moments as well as shear forces.   
 
The twisting moment is quite different between the two models for the dynamic case.  
This difference is likely due to a combination of two factors.  First, deformation of an 
elastic particle would cause its central axis to no longer remain straight and, thus, normal 
forces would contribute to twisting in addition to frictional forces.  For the rigid sphero-
cylindrical particles, only the frictional forces can contribute to twisting.  This effect 
would be more pronounced during the dynamic case when particles are subject to larger 
deformation.  Second, the two simulation approaches use different tangential force 
models.  The sphero-cylinder model only considers sliding friction whereas the glued-
spheres model includes a damped spring force in addition to sliding friction.  Thus, in the 
simulation for glued-spheres, the damped springs would be active rather than 
transitioning to sliding for some particles. The stresses leading to particle breakage will 
be dominated by the bending moment and shear load and so the differences in twisting 






(a)          (b) 
 
 (c)                                                          (d) 
Figure 7.1.  Comparisons between static bed frequency distributions from sphero-cylinder 
and flexible glued-spheres models. (a) Normal load, (b) shear load, (c) bending moment, 






(a)                              (b) 
 
(c)                              (d) 
Figure 7.2.  Comparisons between dynamic bed frequency distributions from sphero-
cylinder and flexible glued-spheres models. (a) Normal load, (b) shear load, (c) bending 
moment, and (d) twisting moment. 
 
To ensure that the assumption of a Timoshenko beam is appropriate when calculating the 
internal stresses, a finite element method (FEM) model is compared to the present model 
for a simple three point bending scenario.  The conditions for the two models are listed in 
Table 3.  As shown in Figure 7.3, the errors between the two models relative to the FEM 




for particle aspect ratios greater than approximately AR = 4.5.  The increase in the 
relative errors with decreasing aspect ratio is not surprising since the assumptions used in 
beam bending theory become less reasonable.  Note that the calculation of the internal 
loads and moments is independent of the beam bending model and thus the accuracy of 
those quantities is unaffected by aspect ratio.  In practice, the decrease in the accuracy of 
the stress predictions at smaller aspect ratios is likely to be of less concern in practice 
since experiments have demonstrated that it is the larger aspect ratio particles that are 


















Table 7.2.  Parameters used in the three point bending comparison between the DEM 
algorithm and a corresponding FEM simulation. 
Parameter Value  
particle cross-section diameter 
3.175 mm (AR = 3, 5, 7, 11) 
3.099 mm (AR = 9.2) 
particle density  1384.3 kg/m3 
particle elastic modulus  3.1 GPa 
particle Poisson’s ratio 0.3 
force exerted at the middle of particle 0.012 N 
FEM software ANSYS 
element type SOLID45 




Figure 7.3.  The relative error (compared to the FEM result) in the DEM predicted 
maximum principal stress and maximum Mises stress plotted as a function of particle 
aspect ratio for a three point bending test. 
 
7.2 Results 
The DEM simulations are used to investigate internal particle loads, moments, and 
stresses for the vertical axis mixer geometry shown in Figure 4.2.  The baseline 




to steady state, which takes less than two blade revolutions, before data are collected.  
Data is then gathered over three blade revolutions, corresponding to more than 240 output 
time samples.  The load, moment, and stress calculations are all performed in post-
processing, although they could be performed within the simulation, but with increased 
computational cost. The current focus is on the distribution of internal loads, moments, 
and stresses as functions of the particle aspect ratio, fill level, blade speed, and particle-
particle friction coefficient. 
 
7.2.1 Influence of Particle Aspect Ratio 
Figure 7.4 plots the spatial distribution of the internal loads and moments at each of the 
seven locations within the particle for four different particle aspect ratios.  The mean 











(a)                                                                    (b) 
 
                               (c)                                                                         (d) 
Figure 7.4. Averaged internal (a) normal force, (b) shear force, (c) bending moment, and 
(d) twisting moment on the seven cross-sections shown in Figure 4.5.  Four aspect ratios 
are considered.  
First, when averaged over many particles and many time instances, the spatial 
distributions are symmetric about the particle center-plane (z = 0) with a maximum 
occurring there.  This behavior is not unexpected since the particles are symmetric about 
their center of mass.  Although the spatial distribution for an individual particle may not 
be symmetric due to asymmetric external loading, the distribution will become 





Second, the largest loads and moments are located at the particle center-plane (z = 0).  
The normal load remains nearly constant along the particle length, but it does increase 
slightly toward the particle center.  The fact that maximums occur at the particle center-
plane implies that if a particle breaks, it will do so, on average, at the particle’s center-
plane.  This observation is consistent with Grof et al.’s (2007) results from glued-sphere, 
rod-like particle DEM simulations of a compression cell in which particles broke 
predominately in their center regardless of their aspect ratio.  Recent work by Guo et al. 
(2013b) in which breakable glued-sphere, rod-like particles were agitated within an 
attrition cell produced similar results. 
 
The third observation is that the loads and moments increase with increasing particle 
aspect ratio, and the magnitude of the difference between the values at the particle center-
plane and the particle edge (z/(L-d) = ±1/2) also increases.  This behavior is not 
unexpected since a simple force balance demonstrates that the spatial distribution of the 
shear load and moments will be strongly dependent on the aspect ratio.  For example, for 
a pinned-pinned beam subject to a uniform load per unit length of p, with the distance 
between the beam supports being L, the bending moment at the beam’s center is, 
, (35) 
where d is the diameter of the cylindrical and hemispherical portions of the particle.  
Furthermore, larger aspect ratio particles are expected to have increased loading due to an 
increased number of contacts (Guo et al., 2012).  The normal force is less sensitive to the 
aspect ratio since it only depends on the magnitude of the external loads parallel to the z 






direction of the particle.  Most of these loads are likely due to contact with the end-caps 
of the particle (Guo et al., 2012); however, tangential loads acting along the cylindrical 
portion also contribute, and as the length of the cylindrical portion increases (i.e., the 
aspect ratio increases), additional contacts can contribute to the normal load.  The fact 
that the increasing aspect ratio results in larger loads and moments implies that larger 
aspect ratio particles are more likely to break as compared to smaller aspect ratio particles.  
This result is consistent with previous work (e.g., Lekhal et al., 2004; Grof et al., 2007). 
 
The fourth observation from the plots is that the normal forces are in compression, on 
average, and that the normal force magnitudes are smaller, but of the same order of 
magnitude as the shear force.  The bending moments, however, are approximately an 
order of magnitude larger than the twisting moments.  This latter observation makes 
sense when considering that the moment arm that can cause a twisting moment is on the 
order of the particle diameter d whereas the moment arm causing a bending moment is on 
the order of the particle length L. 
 
Figure 7.5 plots the maximum values of the loads and moments from Figure 7.4, i.e., the 
loads and moments at z = 0, as a function of the aspect ratio.  The normal and shear 
forces and twisting moment appear to increase nearly linearly with aspect ratio over the 
range of aspect ratios investigated. However, upon closer inspection it appears that the 
trends have a slight negative curvature indicating that the rate of increase of the 
maximum values for these quantities decreases slightly within increasing aspect ratio.  




that the loads acting on the particles change as the particles align more consistently with 
increasing aspect ratio (Hua et al., 2013; Guo et al., 2012).  The trend in the maximum 
bending moment, in contrast, appears to have a positive curvature, which is consistent 
with the dependence of the bending moment on the length of the particle (Eq. (35)).   
 
 
                                  (a)                                                                  (b)                                               
 
                                  (c)                                                                  (d)                                               
Figure 7.5.  Average maximum internal (a) normal force, (b) shear force, (c) bending 





The maximum principal stress σ1, averaged over all particles and time steps, is observed 
to occur along the particle circumference (r/d = ½) at the center-plane (z = 0), as shown 
in Figure 7.6 for a particle with an aspect ratio of AR = 7.  The same trend is observed at 
all aspect ratios as well as for the average Mises stress σM.  Having the largest maximum 
principal stress or Mises stress along the circumference at the particle center-plane is 
consistent with the load and moment distributions as well as with the fact that the largest 
strains in beam bending occur farthest from the particle’s neutral axis (i.e., the centerline).  
These results indicate that particle failure is not only most likely to occur at the center-




Figure 7.6. Plot of the average maximum principal stress at the various sampling 
locations for a particle with an aspect ratio of AR = 7.  The stress values are symmetric 
about the x, y, and z axes. The circular cross-section is located at the center-plane. 
 
The average center-plane (z = 0), circumferential (r/d = ½) maximum principal stress and 
Mises stress are plotted in Figure 7.7 as a function of particle aspect ratio.  Note that the 
maximum principal stress and Mises stress data are nearly identical. This similarity is 
reasonable when considering the relative magnitudes of the principal stresses.  For 




smaller in magnitude compared to σ1, which means, according to Eq. (27), the Mises 
stress will be nearly equal to σ1.  Consequently, the remaining stress plots will present 
only maximum principal stress information since Mises stress values are nearly identical. 
 
The largest average maximum principal stress (and Mises stress) increases with 
increasing particle aspect ratio, with a positive curvature similar to that observed for the 
bending moment (refer to Figure 7.5(c)).  The bending moment contributes the most to 
the maximum principal stress at the center-plane circumference and, thus, the stress trend 
should reflect the bending moment trend.  
 
  
Figure 7.7. The average center-plane, circumferential maximum principal stress and 
Mises stress plotted as a function of particle aspect ratio. 
 
Of particular interest in particle breakage studies are the frequency and complementary 
cumulative distributions by number (Equations (36) and (37)) of the largest maximum 




information, coupled with the ultimate (or yield) strength of the particle, can be used to 
determine what fraction of particles will break in a given time period.  The 
complementary cumulative distribution gives the fraction of material with the largest 
maximum principal stress (σ1,max) larger than a given value, which is of particular interest 
for breakage studies.  Note that, on average, σ1,max occurs at the particle’s center-plane 
circumference, but for any given particle σ1,max may occur in some other location 
depending on the external loading conditions.  Figure 7.7 plots the σ1,max frequency and 
complementary cumulative distributions for the four particle aspect ratios examined.  
Note that the particle elastic modulus used in these simulations is E = 1 MPa, which is 
two to three orders of magnitude smaller than most real materials.  The impact of this 
assumption is discussed in Section 7.2.5.   
 
  
                    (a)                                                                 (b) 
Figure 7.8. Number (a) frequency and (b) complementary cumulative distributions of the 
largest maximum principal stress for different particle aspect ratios.  Note that the vertical 
axis is logarithmic in (a), while the horizontal axis is logarithmic in (b).  The smooth line 





The frequency distributions decrease monotonically with increasing σ1,max, with a 
noticeable change in slope at the smaller stress values.  The mean and median stresses 
increase with increasing aspect ratio.  In addition, the fraction of particles expected to 
break at a given ultimate strength (or yield stress) increases with increasing particle 
aspect ratio.  At the largest stress values, the frequency curves become flatter and more 
irregular.  This effect is the result of having few stress instances over the number of 
particles and time periods investigated.  As a result, the frequency values become highly 
sensitive to the number of samples in this region.  
 
For convenience in comparing distributions, the frequency distributions are fit to a (two-
parameter) Weibull distribution, 
, (36)  
where a and b are fit parameters. The corresponding complementary cumulative 
distribution is, 
. (37)   
In particular, this fit is made for stresses larger than the point of maximum curvature in 
the distribution in order to include just the large stress information (refer to Fig. 7.8a).  
MATLAB software package is employed as the curve fitting tool and the nonlinear least 
squares fitting method is applied. Weibull distributions are used in a wide range of fields, 
including those involving reliability predictions and even post-milling particle size 
distributions.  Mueth et al. (1998) used a three parameter exponential fit to their force 
data for particles in a piston geometry.   In their 2D simulations of a shear cell, Estrada et 
f σ 1,max( ) = abσ 1,maxb−1 exp −aσ 1,maxb( )        σ1,max > 0( )




al. (2008) fit their particle forces to a power law expression at small forces and an 
exponential relation at larger values.  The Weibull distribution used here at larger stresses 
is similar in form to the one used by Estrada et al.  In all cases, a Weibull distribution fits 
the large stress data well with coefficient of determination (i.e., R2) values greater than 
0.9996 for all cases.  The fit residuals are random, which is a sign of good curve fits. An 
example fit is shown in Fig. 7.8a for an aspect ratio of AR = 7. 
 
 
 (a) (b) 
Figure 7.9. The Weibull fit parameters (a) a and (b) b corresponding to the data given in 
Figure 7.8.  The uncertainty bars in the figure correspond to the ±95% confidence 
intervals from the curve fits. 
 
The Weibull fit parameters for the frequency distributions corresponding to different 
aspect ratio are shown in Figure 7.9.  Both fitting parameters decrease with increasing 
particle aspect ratio; however, the parameter a decreases inversely with aspect ratio from 
~35 down to ~7 while the parameter b decreases in more of a linear manner from ~0.52 to 
~0.43.  Over these ranges, the change in a has a more significant influence on the 




σ1,max should be calculated directly from the DEM generated data since it contains the full 
distribution. The Weibull distributions are only for the larger stress data.  
 
7.2.2 Influence of Bed Depth 
Since it is ultimately σ1,max that is of most interest in practice, the average load and 
moment plots are not presented for the remainder of the parametric studies and instead 
only the σ1,max frequency and complementary cumulative distributions, and the 
corresponding Weibull fit parameters, are shown. 
 
Figure 7.10 plots the frequency and complementary cumulative distribution functions for 
simulations performed with an aspect ratio of AR = 7 and five different bed depths (H/HB 
= 1.0, 1.5, 2.0, 3.0, and 4.0, where HB is the height of the mixer blade).  The 
corresponding Weibull fitting parameters are given in Figure 7.11.  The mean and median 
of the σ1,max distributions increase with dimensionless bed height, as is expected since it 
has been observed that the stresses in an AFD geometry are due largely to the weight of 
the material in the device (Remy et al., 2010).  The fitting parameter b is nearly 
independent of H/HB and approximately equal to 0.5, and the parameter a decreases in a 
nearly linear manner with increasing H/HB.  Hence, increasing the bed depth is expected 
to result in a larger fraction of broken particles (assuming the stresses exceed the ultimate 






(a)                                                                      (b) 
Figure 7.10.  Number (a) frequency distributions and (b) complementary cumulative 
distributions of the largest maximum principal stress for different bed heights.  Note that 
the vertical axis is logarithmic in (a), while the horizontal axis is logarithmic in (b). 
 
 
(a)                                                                       (b) 
Figure 7.11.  The Weibull fit parameters (a) a and (b) b corresponding to the data given 
in Figure 7.10.  The uncertainty bars in the figure correspond to the ±95% confidence 
intervals from the curve fits. 
 
7.2.3 Influence of Blade Speed 
In addition to bed depth, the influence of blade speed was also studied.  The frequency 
and complementary cumulative distributions for σ1,max are shown in Figure 7.12, with the 




Increasing the blade speed from 2 rpm to 90 rpm generally increases the largest 
maximum principal stresses.  Both fitting parameters a and b decrease slightly over this 
range.  Hare et al. (2011) reported that the extent of breakage was independent of 
impeller speed for a given number of impeller rotations.  In contrast, am Ende et al. (2012) 
reported that breakage increased with impeller speed.  The current work does indeed 
show that breakage will generally increase with impeller speed (assuming the ultimate 
strength is exceeded), but the effect is small when compared to the influence of particle 
aspect ratio and bed depth.  At these small impeller speeds, internal particle stresses 
appear to be governed primarily by hydrostatics as opposed to dynamics.  
 
Of particular note in Figure 7.12 and Figure 7.13 is the no rotation case.  The stresses for 
this case are much smaller than the dynamic cases, even the 2 rpm case.  When the bed 
changes from a static condition to a dynamic one, particles go from being randomly 
oriented to aligning parallel to one another throughout much of the bed (Hua et al., 2013).  
However, when these flowing particles are in the vicinity of the blade, they re-orient and 
have less alignment between each other.  The interference between particles during this 
re-orientation process could lead to the abrupt increase in stresses when the bed changes 
from being static to dynamic.  Hare et al. (2011) found that the largest degree of particle 






 (a)                                                                  (b) 
Figure 7.12.  Number (a) frequency distributions and (b) complementary cumulative 
distributions of the largest maximum principal stress for different blade speeds.  Note that 




(a)  (b) 
Figure 7.13.  The Weibull fit parameters (a) a and (b) b corresponding to the data given 
in Figure 7.12.  The uncertainty bars in the figure correspond to the ±95% confidence 





7.2.4 Influence of Particle-Particle Friction Coefficient 
The influence of particle-particle friction coefficient was also examined in the current 
studies.  The frequency and complementary cumulative distributions for σ1,max for these 
cases are shown in Figure 7.14, with the corresponding Weibull fits in Figure 7.15.   
 
The mean σ1,max increases slightly as particle-particle friction coefficient increases from 
0.11 to 0.55.  The effect is not particularly significant, however, as suggested by the 
nearly constant fitting parameter a.  Although the parameter b increases over this range, it 
has a much smaller impact on the distribution than parameter a.  That an increasing 
particle-particle friction coefficient increases the stresses is not unsurprising since it will 
result in larger tangential forces for a given normal load.  Ning and Ghadiri (2006) 
observed that increasing inter-particle friction led to larger attrition rates for their 
spherical particles.  More interestingly, however, is that increasing inter-particle friction 
above a critical value has been observed to cause rod-like particles to rotate significantly 
relative to one another as opposed to remaining aligned (Guo et al., 2012; Campbell, 
2011).  This rotation would be expected to cause an abrupt increase in σ1,max due to the 
expected large loads caused by the interference between particles as they rotate.  This 
effect, however, was not observed in the current work.  It could be that a sufficiently 
large inter-particle friction coefficient was not used or that the presence of a free surface 
boundary condition allows the bed to more easily accommodate particle rotation as 
opposed to the fixed volume fraction boundary conditions used by Guo et al. (2012) and 





   
                                  (a)                                                                       (b)                                               
Figure 7.14.  Number (a) frequency distributions and (b) complementary cumulative 
distributions of the largest maximum principal stress for different particle-particle friction 
coefficients.  Note that the vertical axis is logarithmic in (a), while the horizontal axis is 
logarithmic in (b). 
 
 
 (a) (b) 
Figure 7.15. The Weibull fit parameters (a) a and (b) b corresponding to the data given in 
Figure 7.14.  The uncertainty bars in the figure correspond to the ±95% confidence 
intervals from the curve fits. 
 
7.2.5 Influence of Particle Elastic Modulus 
Of particular interest in the current work is the influence of particle elastic modulus on 
the predicted stresses.  DEM simulations generally use elastic modulus values orders of 




small values is that the simulation integration time step decreases as the elastic modulus 
increases.  Hence, in order to have computational efficient simulations, smaller elastic 
moduli are used. 
 
Previous studies, e.g., Freireich et al. (2009), have shown that, at least for particle 
kinematics, having an artificially small elastic modulus does not significantly affect DEM 
predictions, unless the elastic modulus is too small (“too small” depends on the flow 
conditions).  However, there has been no examination of how small elastic modulus 
values affect internal particle stresses.  It is reasonable to expect that stress magnitudes 
will be strongly influenced by the elastic modulus since the inter-particle forces are a 
function of elastic modulus. 
 






























 , (38)   
where, in addition to the previously defined variables, E is the elastic modulus, ν is the 
Poisson’s ratio, ρ is a mass density, g is the acceleration due to gravity, and ε  is a 
coefficient of restitution.  The subscripts “p” and “b” indicate particle and boundary, 
respectively.  If the dimensionless quantities remain constant on the right hand side of the 
equation, then the stresses would be expected to scale linearly with the elastic modulus.  
Note that both Eb and Ep are generally decreased by several orders of magnitude in DEM 




remainder of the independent dimensionless terms are easily kept constant between DEM 
and the real scale except for the Ep/(ρpgH) quantity.  This parameter represents the ratio 
of a characteristic elastic force to the force due to hydrostatic effects.  If the DEM 
gravitational acceleration and bed depth remain identical to the real system values, then 
the particle density should be decreased by several orders of magnitude if the particle 
elastic modulus is also decreased by the same amount.  Unfortunately this would result in 
a significantly smaller DEM integration time step, which is precisely what is attempting 
to be avoided by decreasing the elastic modulus.  In most DEM simulations, the particle 
density is maintained at its real value so the Ep/(ρpgH) term is not held constant between 
the DEM and real scales.  As a result, it cannot be expected that the stresses should scale 
linearly with the elastic modulus.   
 
In order to better understand how to scale the stresses appropriately as the elastic 
modulus changes, several simulations were performed with varying elastic moduli 
(particle and boundary elastic modulus values were identical, all other parameters 
remained constant).  The complementary cumulative distributions for these simulations 
are plotted in Figure 7.16 along with the corresponding Weibull fit parameters in Figure 
7.17.  As expected, a simple linear trend with elastic modulus is not observed.  In fact, the 






(a)                                                                (b) 
Figure 7.16.  (a) Complementary cumulative distributions by number of the largest 
maximum principal stress (b) mean maximum principal stresses for different particle 
elastic moduli.  Note that the horizontal axis is logarithmic. 
 
  
(a)                                                               (b) 
 
Figure 7.17.  The Weibull fit parameters (a) a and (b) b corresponding to the data given 
in Figure 7.16.  The uncertainty bars in the figure correspond to the ±95% confidence 
intervals from the curve fits. 
 
In order to be of most use for predicting breakage, one would need to know the ultimate 
strength (or yield strength) of the particles in order to determine what fraction of particles 
would be expected to break.  Since ultimate strengths and elastic modulus values for API 
crystals are not readily available, the properties of acetal, the material used in the 




of comparison.  The elastic modulus and ultimate tensile strength of acetal are E = 3.1 
GPa and SU = 75.8 MPa, respectively (BearingWorks, 2014).  Using this critical value 
and making use of Fig. 7.16, the simulations predict that particle breakage should not 
occur, which is consistent with what was observed in the corresponding validation 





CHAPTER 8. CONCLUSIONS 
In this thesis, a DEM simulation was developed to model the movement of non-cohesive, 
sphero-cylindrical particles in a vertical axis mixer.  The model was validated against 
experimental measurements of the torque required to rotate the mixer blade and surface 
velocities at the top of the bed.  Parametric studies using the DEM simulation showed 
that the torque is sensitive to the sliding friction coefficient, which was measured here 
using a pin-on-disk apparatus.  The torque is a weaker function of the particle elastic 
modulus and, at least for spheres, the rolling friction coefficient, with the torque 
increasing with each of these parameters.  The coefficient of restitution was found to 
have no impact on the torque over the range from 0.4 to 0.99. 
 
The DEM model was used to examine the velocity, solid fraction, and orientation fields 
of the particles as a function of the mixer blade speed, initial level bed depth, and particle 
aspect ratio.  For the range of Froude numbers investigated here (0.10 < Fr < 0.89), the 
Froude number appears to have no influence on the bed dynamics.  The bed depth and 
particle aspect ratio, however, do influence the bed behavior.   
 
In general, the particles form a heap just upstream of the blades and a valley, or wake 




to those that have been reported previously for spheres.  A vortex circulating in the 
direction opposite to the blade rotation appears in the horizontal planes within the bed.  
Particles upstream of the blade tend to move upward in the bed while particles just 
downstream of the blade move downward into the wake.  Increasing the particle aspect 
ratio generally decreases the particle velocities relative to the blade.  The mass flow rate 
of particles over the blade also decreases with increasing aspect ratio, implying reduced 
mixing with increasing aspect ratios.  Particle velocities relative to the blades increase 
with increasing bed depth, suggesting that mixing within the bed improves with depth, at 
least up to a level bed depth of twice the blade height.  A similar result has been found 
previously for spheres.   
 
The solid fraction is largest just upstream of the blades and toward the base of the 
container.  For spheres, Zhou et al. (2004) reported that the solid fraction is small in front 
of the blades, contrary to the current observations, but large near the base, which is 
consistent with the current work.  The smallest solid fractions are located in the wake 
region and at the bed’s free surface, which has been also observed spheres. In general, 
larger particle aspect ratios decrease the overall bed solid fraction as well as the solid 
fraction uniformity.  The mean bed solid fraction, not including zero solid fraction 
regions, ranges from 0.44 for an aspect ratio of one to 0.31 for an aspect ratio of 9.2.  
These values are smaller than those from previous studies examining static bed dense 
random packings of sphero-cylinders, due in part to the shearing of the bed and in part to 




beds have larger solid fractions at a given elevation, a topic not previously explored for 
spheres. 
 
Particles with an aspect ratio larger than one are nearly aligned with the flow streamlines, 
with an offset of 10 – 15 degrees, which is consistent with previous studies.  The degree 
of alignment between particles increases near boundary regions, such as along the 
circumference of the cylinder and upstream of the blade.  The degree of alignment is two-
dimensionally random (random orientations in a plane) at the container base in the wake 
region as well as at the free surfaces.  Deeper beds and particles with a larger aspect ratio 
tend to increase the degree of alignment.   
 
In addition to the strong correlation between the principal orientation vectors and velocity 
vectors, there is a correlation between solid fraction, degree of particle alignment, and 
velocity gradient magnitudes.  Regions of large velocity gradient magnitudes, which 
appear in the heap formation zone and in the wake, correspond to smaller solid fractions 
and less alignment of particles.  The correlation between velocity gradient magnitude and 
solid fraction has not been explicitly shown for spheres, although plots presented by Zhou 
et al. (2004) suggest that a similar trend holds.  In these regions, particles re-orient their 
major axes over short distances and, thus, the alignment between particles is diminished, 
which also leads to less efficient packing.  
 
In addition, this work presents a new model for predicting the internal loads, moments, 




particle to determine the internal loads and moments, while beam bending theory is used 
to determine internal stresses.  When the stresses are coupled with a failure model, 
particle breakage can be predicted.  The model was verified against a previously 
published glued-spheres model and finite element method stress predictions.  In the 
present work, the model particles are not allowed to break; however, the DEM simulation 
could be modified to break particles at predicted failure locations so that the evolution of 
particle size distribution can be studied.  The advantages of using sphero-cylinders over 
glued-sphere particles are that (a) the particle surfaces are smooth and thus do not 
generate the large stresses observed with the artificially rough surfaces of widely spaced 
glued spheres, and (b) contact detection between sphero-cylinders can be faster than that 
for glued-spheres when the particle aspect ratio is large.  
  
Applying the model to a vertical axis mixer, the internal loads and moments were 
predicted for a range of particle aspect ratios.  The average internal load and moment 
distributions are symmetric about the particle center-plane, with maximums at the 
center.  The average loads and moments increase with increasing particle aspect 
ratio.  The average normal load, which is compressive, shows little variation over the 
length of the particle.  It has a magnitude of the same order as the shear load.  The 
bending moment, however, is at least an order of magnitude larger than the twisting 
moment.  The shear load and bending moment contribute the most to the internal 
particles stresses.  The predictions suggest that, on average, particles will break at their 





Although the stress tensor at various locations within the particle can be predicted from 
beam bending theory, only the maximum principal stresses within the particle are 
presented since this quantity is used within a common brittle material failure model.  The 
Mises equivalent stress, which is often used in ductile failure models, was also calculated 
and found to be nearly equivalent to the maximum principal stress value.  The largest 
maximum principal stress (and Mises stress) was found to occur along the circumference 
of a particle’s center-plane, on average, indicating that that is initial location of particle 
failure.  
  
Frequency distributions by number of the largest maximum principal stress per particle 
were generated for variations in particle aspect ratio, bed depth, impeller speed, and 
particle-particle friction coefficient. At larger stresses, the distributions are fit well by a 
(two parameter) Weibull distribution.  Estrada et al. (2008) found that a similar 
distribution fit their shear force data well at larger force values.  Knowing that the data is 
fit well by a particular distribution form makes it easier to compare 
distributions.  Complementary cumulative distributions were also generated from the 
frequency distributions in order to make it more convenient to determine what fraction of 
particles would be expected to break for a given operating condition. 
  
Increasing particle aspect ratio, bed depth, impeller speed, and particle-particle friction 
coefficient all act to increase the fraction of larger maximum principal stresses.  Particle 
aspect ratio has the most significant effect, followed by bed depth. Impeller speed and 




is when the bed transitions from being static (no impeller rotation) to dynamic.  Flowing 
particles exhibit significantly larger stresses than static particles.  However, once flowing, 
changing the speed, at least over the current range, does not cause a significant increase 
in the largest maximum principal stresses.  As has been found in previous studies (e.g., 
Remy et al., 2010), the internal particle stresses are more influenced by the weight of 
material. 
  
One parameter of particular interest in DEM studies involving forces and stresses is the 
particle elastic modulus.  Since this value is typically made artificially small in DEM 
studies by several orders of magnitude, its effect on the stress distributions was 
studied.  Due to imperfect scaling of the ratio of the characteristic elastic force to the 
characteristic hydrostatic force, the stresses do not scale linearly with the elastic 
modulus.  Instead, the stresses appear to increase in a logarithmic manner as the elastic 
modulus increases.  
 
The results from these studies may have important implications for the design and 
operation of industrial equipment, such as agitated filter dryers (AFDs).  For example, the 
velocity and solid fraction fields can affect the uniformity of material drying in AFDs, 
with decreased mixing and less uniform solid fraction fields resulting in more variable 
drying.  Regions with greater particle alignment may result in increased particle 
agglomeration due to the large contact areas between particles whereas regions with 
larger velocity gradient magnitudes and reduced particle alignment may result in 




that the stress distribution at larger stresses follows a Weibull distribution, which has two 
fitting parameters, makes it easier to compare stress states when parameters change and 
also aids in the quantitative prediction of the degree of particle damage.  The aspect ratio 
is most important followed by the bed depth.  As particle aspect ratio and bed depth 
decrease, less breakage is expected to occur.  It is expected that at a sufficiently small 
aspect ratio, breakage will cease, similar to what has been observed experimentally. 
Modifying the crystallization process to produce smaller aspect ratio crystals is 
recommended, but likely not practical.  A more realistic recommendation is to operate at 





CHAPTER 9. RECOMMENDATIONS FOR FUTURE WORK 
Several topics of interest in future studies are proposed below.  
 
First, since many of the particles processed in vertical axis mixers tend to be small and/or 
wet, e.g. API particles processed in AFDs, cohesive forces can be significant. Cohesion is 
expected to significantly affect the flow patterns and velocity, solid fraction, and 
orientation fields in these mixers. It is recommended to include a simple cohesive contact 
force into the rod-like particle simulations, such as the contact area proportional one 
proposed by Matuttis and Schinner (2001) or the constant value model suggested by 
Iordanoff et al. (2005). Using this implementation in DEM simulations, it is suggested to 
perform studies to investigate the flow behavior of cohesive rod-like particles around a 
mixer blade as a function of particle and interaction properties and operation conditions. 
 
Second, it is recommended to use another form of Weibull distribution expressed in (39) 
and (40) for fitting the frequency distribution at large stresses. The frequency distribution 































where k and λ are fitting parameters (known as the shape and scale factors, respectively).  
 



















exp)(1                                                                                              (40) 
The reason for recommending this change is that this equation form is more frequently 
used and the distribution parameters are accurately defined in this equation form. k is 
known as the shape parameter and λ is known as the scale parameter of the distribution. 
Both k and λ are positive real numbers. The shape parameter, k, defines the shape of the 
distribution and the scale parameter, λ, defines where the bulk of the distribution lies. It is 
more meaningful to compare parameters, k and λ, from this equation form for different 
distributions, because the two parameters have clearer definitions.   
 
Third, it is recommended to develop a validated, quantitatively predictive simulation tool 
for modeling the breakage of high-aspect ratio, rod-like particles subject to agitation in 
bladed mixers. Particle attrition and breakage are of particular concern in applications 
such as agitated filter drying. The objectives of this work are recommended as follows. 
First, modify current DEM computer simulations to include breakable, rod-like particles, 
depending on the loads and moments acting on the particle. Second, develop and perform 
procedures for measuring particle and interaction properties required for the DEM 
simulations. Third, develop and perform experiments for validating the DEM breakage 




breakage behavior of particles subject to flow around a mixer blade as a function of 
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